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II. A Ninth Memoir on Quantics. By Professor Cayley, F.B.S. 

Eeceived April 7, — Bead May 19, 1870. 

It was shown not long ago by Professor Gordan that the number of the irreducible 
covariants of a binary quantie of any order is finite (see his memoir " Beweis dass jede 
Covariante und Invariante einer binaren Form eine ganze Function mit numerischen 
Coefficienten einer endlichen Anzahl solcher Formen ist," Crelle, t. 69 (1869), Memoir 
dated 8 June 1868), and in particular that for a binary quintic the number of irreducible 
covariants (including the quintic and the invariants) is =23, and that for a binary sextic 
the number is =26. From the theory given in my "Second Memoir on Quantics," 
Phil. Trans. 1856, 1 derived the conclusion, which, as it now appears, was erroneous, that 
for a binary quintic the number of irreducible covariants was infinite. The theory 
requires, in fact, a modification, by reason that certain linear relations, which I had 
assumed to be independent, are really not independent, but, on the contrary, linearly 
connected together: the interconnexion in question does not occur in regard to the 
quadric, cubic, or quartic ; and for these cases respectively the theory is true as it stands ; 
for the quintic the interconnexion first presents itself in regard to the degree 8 in the 
coefficients and order 14 in the variables, viz. the theory gives correctly the number of 
covariants of any degree not exceeding 7, and also those of the degree 8 and order less 
than 14 ; but for the order 14 the theory as it stands gives a non-existent irreducible 
covariant (a, . .) 8 (#, y) u , viz. we have, according to the theory, 5 =(10 — 6) +1? that is, 
of the form in question there are 10 composite covariants connected by 6 syzygies, and 
therefore equivalent to 10 — 6, =4 asyzygetic covariants; but the number of asyzygetic 
covariants being =5, there is left, according to the theory, 1 irreducible covariant of the 
form in question. The fact is that the 6 syzygies being interconnected and equivalent 
to 5 independent syzygies only, the composite covariants are equivalent to 10 — 5, =5, 
the full number of the asyzygetic covariants. And similarly the theory as it stands 
gives a non-existent irreducible covariant (a, . .) s (#, yf\ The theory being thus in error, 
by reason that it omits to take, account of the interconnexion of the syzygies, there is no 
difficulty in conceiving that the effect is the introduction of an infinite series of non- 
existent irreducible covariants, which, when the error is corrected, will disappear, and 
there will be left only a finite series of irreducible covariants. 

Although I am not able to make this correction in a general manner so as to show 
from the theory that the number of the irreducible covariants is finite, and so to present 
the theory in a complete form, it nevertheless appears that the theory can be made to 
accord with the facts; and I reproduce the theory, as well to show that this is so as to 
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18 PBOEESSOB CAYLEY'S NINTH MEMOIR ON QUANTICS. 

exhibit certain new formulae which appear to me to place the theory in its true light. 
I remark that although I have in my Second Memoir considered the question of finding 
the number of irreducible covariants of a given degree in the coefficients but of any 
order whatever in the variables, the better course is to separate these according to their 
order in the variables, and so consider the question of finding the number of the irre- 
ducible covariants of a given degree fl in the coefficients, and of a given order p in the 
variables. (This is, of course, what has to be done for the enumeration of the irreducible 
covariants of a given quantic ; and what is done completely for the quadric, the cubic, 
and the quartic, and for the quintic up to the degree 6 in my Eighth Memoir, Phil. 
Trans. 1867.) The new formulae exhibit this separation ; thus (Second Memoir, No. 49), 

writing a instead of #, we have for the quadric the expression T ^~ w , showing 

that we have irreducible covariants of the degrees 1 and 2 respectively, viz. the quadric 

itself and the discriminant: the new expression is _ ^, showing that the cova- 

riants in question are of the actual forms (#, . .J>, yf and (a, . .) 2 respectively. Simi- 
larly for the cubic, instead of the expression No. 55, — -^ — ^— ^ we have 

~~ a x T , exhibiting the irreducible covariants of the forms 



(1 -aa?){\ -flV)(l-fl¥)(l -a 4 ) 

(a, . .£#, yf, (a, • .)*(#> if?) ( a ' 3 (^5 y) z > an ^ ( a 9 • O 4 ? connected by a syzygy of the form 
(#, . .) 6 (#, y) 6 ; and the like for quantics of a higher order. 

In the present Ninth Memoir I give the last-mentioned formulae ; I carry on the theory 
of the quintic, extending the Table No. 82 of the Eighth Memoir up to the degree 8, 
calculating all the syzygies, and thus establishing the interconnexions in virtue of which 
it appears that there are really no irreducible covariants of the forms (#, . .) 8 (#, y) 14 , and 
($, . . 8 X;#, yf°. I reproduce in part Gordan's theory so far as it applies to the quintic, 
and I give the expressions of such of the 23 covariants as are not given in my former 
memoirs ; these last were calculated for me by Mr. W. Bareett Davis, by the aid of a 
grant from the Donation Fund at the disposal of the Eoyal Society. The paragraphs of 
the present memoir are numbered consecutively with those of the former memoirs on 
Quantics. 

Article Nos. 328 to 332,—Ilejproduction of my original Theory as to the Number of the 

Irreducible Covariants. 

328. I reproduce to some extent the considerations by which, in my Second Memoir 
on Quantics, I endeavoured to obtain the number of the irreducible covariants of a 
given binary quantic (a, £, . . .3£#* y) n - 

Considering in the first instance the covariants as functions of the coefficients (a y b, c . .), 
without regarding the variables (#,y), and attending only to the following properties — 
1°, a covariant is a rational and integral homogeneous function of the coefficients;^ 
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2°, if P, Q, E, . . . are covariants, any rational and integral function F(P, Q, E ,. . .), 
homogeneous in regard to the coefficients, is also a covariant,— we say that the cova- 
riants X, Y, ... of the same degree in regard to the coefficients, and not connected by 
any identical equation #X+(3Y...==0 (where a, (3, ... are quantities independent of 
coefficients (a, 5, <?, . . .)), are asyzygetic covariants, and that a covariant not expressible 
as a rational and integral function of covariants of lower degrees is an irreducible cova- 
riant ; and it is assumed that we know the number of the asyzygetic covariants of the 
degrees 1,2,3....; say, these are A 15 A 2 , A 3 , . . . , or, what is the same thing, that the 
number of the asyzygetic covariants of the degree 0, or form (a, #, . ...) a , is equal to the 
coefficient of ^ in a given function 

(p(a)=l+Aia+A 2 a 2 ... +A^+. . ., . 

where I have purposely written a, as a representative of the coefficients (#, £,.#,;...), in 
place of the % of my Second Memoir. 

329. The theory was, that determining a„ a 2 , . . . by the conditions 

A l = CC n 

A a =i«i(ai+l)+«a> 

A 3 =-g-a 1 (a 1 + l)(a l + 2)+a 1 a 2 + a 3? 



that is, throwing 
into the form 



1+A i <2+A 2 « 2 +A 3 # 3 +. ## 



the index u r would express the number of irreducible covariants of the degree r less the 
number of the (irreducible) linear relations, or syzygies, between the composite or non* 
irreducible covariants of the same degree. Thus A 1 = oc u there would be a 2 covariants 
of the degree 1*; these give rise to ^(c^ + 1) composite covariants of the degree 2; 
or, assuming that these are connected by Tc 2 syzygies, the number of asyzygetic com- 
posite covariants of the degree 2 would be ^i(«i+l)— h*> and thence there would be 
A 2 — - ^a 1 (a 1 +l)+^ 2 » that is, ci 2 -\-k 2 irreducible covariants of the same degree; so that 
(irreducible invariants less syzygies) (#2+^2) —"^2 is — ^ 

330. The Tc 2 syzygies are here irreducible syzygies; for, calling P, Q, E, . . . the covari- 
ants of the degree 1, there is no identical relations between the terms P 2 , Q 2 , PQ, 
imagine for a moment that we could have l 2 such identical relations (viz. this might very 
well be the case if instead of the \u Y (#i + l) functions P 2 , Q 2 , PQ, . . ., we were dealing 
with the same number of other quadric functions of these quantities), that is, relations 
not establishing any relation between P 2 , Q 2 , PQ, . . . , and besides these Jc 2 non-identical 
relations as above; then the number of irreducible invariants would be ct 2 -{-fc 2 + l 2 , wad 
the number of irreducible syzygies being as before # 2 , the difference would be not cc 2 

* For the case of covariants, ol 1 is of course =1 ; but in the investigation the term covariant properly stands 
for any function satisfying the conditions 1° and 2°. 
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but a 2 +4'- The 4 identical relations are here relations between composite covariants, 
and the effect (if any such relation could subsist) would, it appears, be to increase a 2 ; 
between syzygies such identical relations do actually exist, and the effect is contrariwise 
to diminish the a; we may, for instance, for the degree s have irreducible covariants less 
irreducible syzygies =u s —l s . 

331. Assume for a moment that, for a given value of s, cc s is positive; but for the 
term l s it would of course follow that there was for the degree in question a certain 
number of irreducible covariants ; and it was in this manner that I was led to infer that 
the number of the covariants of a quintic was infinite — viz. the transformed expression 
for the number of asyzygetic covariants is 

=coeff. a 9 in (l-~c?Y l {l~ a«y z (l-a 12 )~ 6 (l-a 14 )~ 4 . . ., 

a product which does not terminate, and as to which it is also assumed that the series 
of negative indices does not terminate. 

332. The principle is the same, but the discussion as to the number of the irreducible 
covariants becomes more precise, if we attend to the covariants as involving not only the 
coefficients (a, b, . . .) but also the variables (x, y) ; we have then to consider the covari- 
ants of the form (#, b, . . .) B (x, y)% or, say, of the form a 9 of- (degree 6 and order ^), and the 
number of the asyzygetic covariants of this form is given as the coefficient of a 9 x lL in 
a given function of (#, #), (I write a instead of the z of my Second Memoir in the 
formulae which contain x and z) : by taking account of the composite covariants and 
syzygies, we successively determine, from the given number of asyzygetic covariants for 
each value of 6 and ^, the number of the irreducible covariants for the same values of 
6 and yb. This is, in fact, done for the quintic in my Eighth Memoir up to the covariants 
and syzygies of the degree 6. But before resuming the discussion for the quintic, I 
will consider the preceding cases of the quadric, the cubic, and the quartic. 



Article Nos. 333 to 336. — New formula? for the number of Asyzygetic Covariants. 
333. For the quadric ($, b, c$x, y) 2 , the number of asyzygetic covariants cPaf- 



coeff. a 9 x 9 "^ in 



(see Second Memoir, No. 35, observing that q is there =d— \p, and that the subtraction 
of successive coefficients is effected by means of the factor 1—x in the numerator. See 
also Eighth Memoir, No. 251, where a like form is used for the quintic). Writing ax 2 for 

<z, and -£ for #, this is 



coeff. A M in 






I 



(i_0(i-«)(i-J 
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The development is 



+ax* 



w 






"\"^ \ n & 



IX" 



+d' 



& +1 ) 



X 6 * X 7 



+ $ ( ^6+^2 



+ «M? + ;? + l) 



which is 



where 



:A(#) 



] 



X 



2 



A (-_ 



© 



1 



A w-(i-^ (1 _ tt2) ; 



and, since -§ A f - \ contains only negative powers, the required number is 



coeff. aV* in 



(l—fla? 2 )(l — a 2 ) 5 

indicating that the covariants are powers and products of (ax* and & 2 ), the quadric itself, 
and the discriminant. Compare Second Memoir, No. 49, according to which, writing 
therein a for #, the number of asyzygetic covariants is 

1 



= coeff. a 6 in 



2\* 



(l-0)(l-0 2 ) 



334. For the cubic (a, 5, £, dX$ 9 y)* the number of asyzygetic covariants d?ot is 

x X 



coeff. #V"- fM in 



-»3\ » 



(1 — fl)(l — ax)(l — ax 2 ){l —ax 3 ) 



or transforming as before, this is 



l- 



coeff. <£& in 



X 



2 



(1— axP){l— -ax)(l — ax" l ){l— a%~' 6 ) ' 



the function is here 



where 



A W"? A \x)> 



A(#) 



l — a 6 x 6 



(1 - ax 3 ) (1 -«V) (1 -a 3 x s ) (1 - a 4 ) 



(that this is so may be easily verified) ; and since the second term contains only negative 
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powers, the required number is =coefE cftf- in A(x). The formula, in fact, indicates 
that the covariants are made up of (ax*, aV, a 3 x 3 , a 4 ), the cubic itself, the Hessian, the 
cubicovariant, and the discriminant, these being connected by a syzygy (aV) of the 
degree 6 and order 6. Compare Second Memoir, No. 50, according to which the 
number of covariants of degree 6 is 

1— a 6 
=coen. a in ( 1 _ a )( 1 _ ffl «)( 1 _ B 8)( 1 _<,»)• 

335. For the quartic (a, b, e, d, e$x, y) 4, the number of asyzygetic covariants aV is 

=coeff. da*-* in (i^^^.^^.^^.^^^^j ; 
or transforming as before, this is 

=COeff. a 0* m (x-^j^^^.^^^-sj^^-^ • 

the function is here 

where 

a / \ 1 — ff 6 # 12 

AW "(l- fl ^)(l-fl^(l-i«)(l--a8)(l--a8a 6 ) ; 

and the second term containing only negative powers, the required number is 
=coeff. a°x^ in A(#). The formula indicates that the covariants are made up of 
(ax\ &V, # 2 , a 3 , &V 3 ), the quartic itself, the Hessian, the quadrinvariant, the cubin- 
variant, and the cubicovariant, these being connected by a syzygy (#V 2 ) of the degree 6 
and. order 12. Compare Second Memoir, No. 51, according to which the number of 
covariants of degree S is 

«. 9 • 1— a 6 

. a? in 



(l~a)(l-a 2 ) 2 (l-« 3 ) 2, 

336. For the quintic (a, 5, c, rf, e^f^x^yf the number of asyzygetic covariants 
a 9 sf' is 

=coefF. aV~ lft in 



{l-a){i-ax){l~ax*){\~ax*)(l--ax*){l--aw b )> 
or transforming as before, this is 

==coeff. &V- in 



(1— a^ 5 )(l— «^ 3 )(l—«^) (1 — «^ -1 ) (l—«a?"" 3 )(l--«^- 5 )* 

The developed expression is 



1 _i 

+a 2 (a? 10 +a^+^) 



+ax~ 5 
-\-a 2 (x" l0 +x~^+x~ 2 ) 
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but here there is not myjinite function A(x) such that this development is 



A(#) 



UP 



X 



2 



X 



The numerical coefficients are of course the same as those in the development of the 
untransformed function ; viz. they are the numbers given in the third column of Table 
No. 82 (Eighth Memoir), and also (carried further) in the third column of the following 
Table, No. 87. And we can, from the discussion of these coefficients, deduce the form of 

A(#), viz. this is 

(1-aV 2 ) 3 
(io) 3 

(8) 2 
(6)* 



1-flV 1 


1 — a?x 19 


1 -A 15 




14 


13 




12 


]1 




10 


(9) 3 




8 


7 




6 





1— ax 5 



1 -a¥ 
2 



1 



•a?x 9 



5 
3 



■aV 



4 




1- 



a 5 x 7 
3 
1 



•A 4 



2 



a 7 x z 





20 
14 



1— a 



18 



where, for shortness, I have written 1— -&V to stand for (1— .aV)(l— .aV), and so in 

2 

other cases: moreover in the third column of the numerator the (9) 3 shows that the 
factor is (1— a 7 ofi)\ and so in other cases: this will be further explained presently. 
Compare herewith the form, Second Memoir, No. 52, viz. the number of asyzygetic 
covariants of the degree 6 is 

= coeff. a B in (l-^l-a 2 )- 2 ^^ . . 

each index being, it will be observed, equal to the number of factors in the numerator, 
less the number of factors in the denominator, in the corresponding column of the 
new formula. 

Article Nos. 337 to 346. — The 23 Fundamental Covariants. 

337. Gordan's result is that the entire number of the irreducible covariants of the 
binary quintic is =23. I represent these by the letters A, B, C, . . ., W, identifying such 
of them as were given in my former Memoirs on Quantics with the Tables of these 
Memoirs, and the new ones, O, P 5 K, S, T, V, with theTables Nos. 90, 91, 92, 93, 94, 95 
of the present Memoir. 
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Table No. 87. — Identification of the 23 irreducible covariants of the binary quintic. 



A 



B 
C 

E 

F 

G 

H 

I 

J 

K 

L 

M 

N 



P 

Q 

R 

s 

T 
U 
V 

w 



— 2880o(-^) A) 

== Fao(-^-j A) 

= -i(A,B) 2 
=^(A, B) 
— tt(A, C) 
= -KB, B) 2 
—KB, C) 2 +fB 2 
= - KB,C) 
= -i(B,D) 2 
= -(B,D) 

== — "20.(^3 Hj+^BE 
= — A(B, H) 2 -iBG 

=i(B, H) 
= -(B,J) 

= -KA,M)-BK 
=tfB, M) 2 
= -KB,M) 
= -96(D, M)+16B0 
= -(J, M) 
=iW 0)+iGQ 
= -(B, T) 
= -i(0,T) 



7GK 









Table No 


'I 


w,y) h 


/ 


13 


\2 / 


\2 


' =(//) 4 


14 


\2 / 


y 


<P=(ffT 


15 


V f 


y 


j=(f'T 


16 


\3 / 


\5 


(/') 


17 


V 3 z' 


y 


(ft) 


18 


N4 / 


y 


(><y 


19 


U / 


u 


2>=(9>f 


20 


\4 ( 


y 


(?><) 


21 


A5 / 


u 


a =(ji) 2 


22 


\5 / 


y 


U>) 


23 


V z' 


y 


(M 


24 


\6f 


\2 


r — (fit) 2 


83 


\6 / 


U 


.{pi) 


84 


y f 


\l 


('«) 


*90 


y / 


\5 


(/ r ) 


*91 


Y ( 


y 


(,r) 2 


25 


\8 / 


y 


(77) 


*92 


y ( 


y 


U t ) 


*93 


Y l ( 


\i 


<y=(ru) 


*94 


Y 2 ( 


y 


((to), a) 


29 


\\3( 


\i 


M 


*95 


} l8 ( 


y 


({'«)» 7) 


29a 



338. The Table exhibits the generation of the several covariants ; viz. (A, B) denotes 
B,A . B,B-B,A . JB, (A, B) 2 denotes 3JA . ojB-2o^A . o^B+3 2 A . dJB, &c. (see .pas*, 
No. 348). The column /, i=(ff)\ Sec. shows Gokdan's notation, and the generation 
of his 23 forms ((//)« written as with him for (f,f)\ Sec.): it will be observed that 
the forms are not identical ; if the calculations had been made de novo, I should have 
adopted his values, simply omitting numerical factors of the several forms (thus every 
term of /, ={fff contains the factor 2 . (120) 2 , =28800): of course the presence of 
these numerical factors renders the f, 1, <p, Sec. as they stand inconvenient for the 
expression of results ; and the numerical fixation of the values was no part of Gokdan's 
object. But by reason of the existing Tables the change of notation is in fact more 
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and 



than this ; thus H instead of being a submultiple of (B, C) 2 , that is, of p, is in fact 
= — |-(B,C) 2 +fB 2 ; and so in other cases. If the occasion for it arises, there is no 
difficulty in expressing any one of the forms/, /, <p, &c. in terms of the (A, B, C . . V, W) ; 
thus in the instance just referred to,p=:(<p/) 2 , we have 

*K#)"=(A,A)«=800C, 

i=(ffy=(A, A) 4 =28800B, 

whence j?=2304000(B, C) 2 ; also (B, C) 2 =-5H + 2B 2 ; and therefore, finally, 

jp=-1152G000 H+4608000 B 2 . 

339. I remark upon the value S= — 96(D,M) + 16BO— -7GK, that S is the complete 
value of a covariant ( ) 9 ( ) 3 , the leading coefficient of which is given in Table No. 86 of 
my Eighth Memoir ; the form (D, M), omitting a numerical factor (if any), would have 
had smaller numerical coefficients, but there is in the form actually adopted the advan- 
tage that it vanishes for a=0, #=0, that is, when the quintic has two equal roots. 

340. I now form the following Table No. 88, viz. this is the Table No. 82 of my 
Eighth Memoir, carried as far as a 8 , but with the composite covariants expressed by 
means of the foregoing letters A, B, C, . . . , W ; instead of giving the syzygies as in 
Table No. 82, I transfer them to a separate Table, No. 89. In all other respects the 
arrangement is as explained, Eighth Memoir, No. 253 ; but in. place of N, S, S f I have 
written #, 2, % ! to denote new covariant, new syzygy, derived syzygy, respectively ; and 
I have, as to the terms a 8 w u , a 8 x w respectively, introduced the new symbol a to denote 
an interconnexion of syzygies, as appearing by the Table No. 89, and as will be further 
explained. 

Table No. 88. 



Ind. a. 


Ind. x. 


Coeff. 






1 


5 
3 
1 


1 





A. • 


* 


2 


10 

8 


1 




A 2 . 






6 


1 


C 


* 




4 











% 


1 


B 


* 














3 


15 
13 


1 




A 3 






11 


1 


AC 






9 


1 


F 


* 




>j 


1 


AB 






5 


1 


E 


* 




3 


1 


D 


* 




1 
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Table No. 88 (continued) 



Ind. a. 

4 


Ind. <**. 


Coeff. 








20 


1 


A 5 








18 













16 


1 


A 2 C ■ . ! 








14 


1 


AF 








12 


2 


A 2 B, C 2 








10 


1 


AE 








8 


2 


AD, BC 








6 


1 


I 


* 






4 


o 


B 2 , H 


* 






2 















25 


1 


G \ 


* 




5 


1 


A" 








23 













21 


1 


A 3 C 








19 


1 


A 2 F 








17 


2 


A 3 B, AC 2 








15 




A 2 E, CF 






i 


13 


2 


A 2 D, ABC 






■ 


11 


2 


A I, BF, CE 


V 






9 


3 


AB 2 3 AH 3 CD 








7 


2 


BE, L • 


* 






5 


2 


AG, BD 








3 


1 


K 


* 






1 


1 
1 


J 


* 




6 


30 


A 6 








28 













26 


1 


A 4 C 








24 


1 


A 3 F 








22 


2 


A 4 B, A 2 C 2 








20 


2 


A 3 E, ACF 








18 


3 


A 3 D, A 2 BC, C 3 F 2 


2 






16 


2 


A 2 I, ABF, ACE 


t-i 






14 


4 


A 2 B 2 , A 2 H, ACD, BC 2 , EF 


2 




i 


12 


3 


ABE, AL, CI, DF 


2 




i 


10 


4 


A 2 G, ABD, B 2 C, CH, E 2 


2 






8 


2 


AK, BI, DE 


2 






6 


4 


AJ, B 3 , BH, CG, D 2 


2 






4 


1 


N 


* 






2 


2 


BG, M . 


* 




7 














35 


1 


A 7 ' 








33 













31 t 


1 


A 5 C 








29 


1 


A 4 F 








27 


2 


A 5 B, A 3 C 2 








25 


2 


A 4 E, A 2 CF 








23 


3 


A 4 D, A 3 BC, AC 3 , AF 2 


2 f 






21 


3 


A 3 I, A 2 BF, A 2 CE, C 2 F 


2 ? 






19 


4 


A 3 B 2 , A 3 H, A 2 CD, ABC 2 , AEF 


2 f 






17 


4 


A 2 BE, A 2 L, ACl, ADF, BCF, C 2 E 


22 ? 






15 


5 


A 3 G, A 2 BD, AB 2 C, ACH, AE 2 , C 2 D, FI 


2', 2 






13 


4 


A 2 K, AB[, ADE, B 2 F, BCE, CL, FH 


2 






11 


5 


A 2 J, AB 3 , ABH, ACG, AD 2 , BCD, EI 


2 






9' 


4 


AN, B 2 E, BL, CK, DI, EH, FG 


32 








4 


ABG, AM, B 2 D, CJ, DII 


2 






5 


3 


BK, P 


•&. 






3 


2 


BJ, DG 


* 






1 


1 





* 





PEOEESSOE CATLET'S NINTH MEMOIE ON QTTANTICS. 



27 



Table No. 88 (concluded). 



ind.a. 


Ind. x. 


Coeff. 


8 


40 


1 




38 







36 


1 




34 


1 




32 


2 




30 


2 




28 


3 




26 


3 




24 


5 




22 


4 




20 


6 




18 


5 




16 


7 




14 


5 




\2 


7 




10 


5 




8 


6 




6 


3 




4 


4 




2 


1 







2 



A 8 

A 6 C 

A 5 F 

A 6 B, A 4 C 2 

A 5 E, A 3 CF 

A 5 D, A 4 BC, A 8 C 3 , A 2 F 2 

A 4 I, A 3 BF, A*CE, AC 2 F 

A 4 B\ A 4 H, A"CD, A 2 BC 2 , A 2 EF, CF 2 

A 3 BE, A 3 L, A 8 CI, A 2 DF, ABCF, AC 2 E 

A 4 G, A 3 BD, A 2 B 2 C, A 2 CH, A 2 E 2 , AC 2 D, AFI, BC 3 , BF 2 , CEF 

A 3 K, A 8 BI, A 2 DE, AB 8 F, ABCE, ACL, AFII, C 2 I, CDF 

A 3 J, A 2 B 3 , A 2 BH, A 2 CG, A 2 D 2 , ABCD, AEI, B 2 C 2 , BEF, C 2 H, CE 2 , FI 

A 2 N, AB 2 E, ABL, ACK, ADI, AEH, AFG, BCI, BDF, CDE 

A 8 BG, A 8 M, AB 8 D, ACJ, ADH, B 3 C, BCH, BE 2 , C 2 G, CD 2 , EL, FK, I 2 

ABK, AEG, AP, B 8 I, BDE, CN, DL, FJ, HI 

AB'J, ADG, B 4 , B 2 H, BCG, BD 2 , CM, EK, H 2 

AO, BN, DK, EJ, Gl 

B 2 G, BM, DJ, DH 

R 

G 8 , Q 



2' 
2' 
2' 
22' 
er 
42' 
52' 
& 
32 
32 
22 
22 



341. The syzygies and interconnexions of syzygies are given in 

Table No. 89. 



(5, 11) 



(6, 18) 

(6, 14) 
(6, 12) 
(6, 10) 

(6, 8) 
(6, 6) 



(7, 15) 
(7, 13) 
(7, 11) 
(7, 9) 



(7, 7) 



er," (8, 20) 



or, (8, 14) 



AI + BF-CE^0 



A 3 D- A 8 BC + 4C 3 +P =0 

A 2 H- 6ACD-4BC 2 -EF =0 

AL - 2CI + 3DF =0 

A 2 G-12ABD-4B 2 C-E 2 =0 

AK + 2BI -3DE =0 

A J - B 3 -f2BH»CG-9D 2 =0 



A 2 BD-ABC 2 + 

A 2 K - ABI- 



A 2 J 

AN 

2BL 

2CK 



AB 8 + 
B 2 E- 

+ 



ACH-6C 8 D- FI 
3B 2 F +6CL +3FH 

ABH~9AD 2 -6BCD 
6DI + 2EH - FG 
6DI - EH+ FG 



-12DI + EH- FG 



AM + 2B 2 D-f CJ -3DH 



O.A 2 (A 2 G -12ABD -4B 2 C - 
-A(A 2 BD- ABC 2 + ACH- 
+ B (A 3 D ~ A 2 BC + 4C 3 + 
+ C(A 2 H - 6ACD -4BC 2 - 
-F(AI + BF - CE) 



E 2 ) 
6C 2 D 

F 2 ) 
EF) 



EI 













-FI) 



= 



0.A(AN- B 2 E- 6DI + 2EH-FG) 
+ A( 2BL + 6DI- EH + FG) 

+ A( 2CK-12DI+ EH-FG) 

-2B(AL-2CI + 3DF) 
-2C(AK + 2BI - 3DE) 
+ 6D(AI + BF - CE) 

_ e2 



n0 



supra (6, 10) 

(7, 15) 
(6, 18) 
(6. 14) 
(5, 11) 



J> 



?> 



J? 



supra (7, 9) 

( » ) 
( „ ) 

(6, 12) 
(6, 8) 
(5, 11) 



?) 



5> 



>1 



J> 



28 PEOEESSOE CAYLEY'S NINTH MEMOIE ON QUANTICS. 





Table No. 89 (continued). 


(8, 12) 


AB 2 D-B 3 C + 2BCH -C 2 G + I 2 =0 
-3ADH -2BCH + 2C 2 G + 18CD 2 + FK-2I 2 =0 

EL+FK-2I 2 =0 


(8, 10) 


ABK- CN-6DL-2FJ+ HI=0 

AP +2CN+ FJ=0 

B 2 I - CN + 3DL + FJ-2HI=0 


(8, 8) 


ABJ-B 4 +4B 2 H- 9BD 2 +12CM-EK-3H 2 =0 
ADG + 2B 2 H-12BD 2 + 8CM-EK-2H 2 =0 


(8, 6) 


AO + 6DK~3EJ+2GI=0 
BN + 3DK- EJ+ GI = 



342. In illustration take any one of the lines of Table No. 88, for instance the line 

(7, 17) | 4 | A 2 BE, A 2 L, ACT, ADF, BCF, C 2 E | 2% ! | 

there are here 6 composite covariants, but the number of asyzygetic covariants is =4 ; 
there must therefore be 6 — 4, =2 syzygies; we have however (see Table No. 89) two 
derived syzygies of the right form, viz. these are 

A(AL-2CI+3DF)=0, 

C(AI+ BF- CE)=0, 

which are designated as 2S ; , and there is consequently no new syzygy %. 
But in the line 

(7, 15) | 5 | A 3 G, A 2 BD, AB 2 C, ACH, AE 2 , C 2 D, FI [ %', 2 | 

there are 7 composite covariants, but the number of asyzygetic covariants is = 5 ; there 
must therefore be 7 — 5, ' =2 syzygies. One of these is the derived syzygy 

A(A 2 G-E 2 -12ABD-4B 2 C)=0, 

which is designated by %' ; the other is a new syzygy (see Table No. 89), 

A 2 BD-ABC 2 +ACH-6C 2 D-FI=0, 

designated by % ' 

343. Take now the line 

(8, 20) | 6 | A 4 G, A 3 BD, A 2 B 2 C, A 2 CH, A 2 E 2 , AC 2 D, AFI, BC 3 , BF 2 , CEF | 5%\ <r | ; 

there are here 10 composite covariants, but the number of irreducible covariants is =6 ; 
there should therefore be 10 — 6, =4 syzygies. There are, however, the 5 derived syzygies 

A 2 (A 2 G-12ABD-4B 2 C-E 2 )=0, &c. (see Table No. 89) 

designated by 52)' ; since these are equivalent to 4 syzygies only there must be 1 identical 
relation between them (designated by c), viz. this is the equation 0=0 obtained by 
adding the several syzygies, multiplied each by the proper numerical factor as shown 
Table No. 89. 
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344. Again, for the line 

(8, 14) | 5 | A 2 N, AB 2 E, ABL, ACK, ADI, AEH, AFG, BCI, BDF, CDE | 62, a \ 

there are here 10 composite co variants, but only 5 irreducible co variants ; there should 
therefore be 10—5, =5 syzygies; we have in fact the 6 derived syzygies 

A(AN-B 2 E-6DI + 2EH-FG)=0 &c. (see Table No. 89) 

designated by 62'; these must therefore be connected by 1 identical relation (desig- 
nated by <r), viz. this is the equation = obtained by adding the several syzygies, 
each multiplied by the proper numerical factor as shown Table No. 89. 

345. These two cases (<r) are in fact the instances which present themselves where a 
correction is required to my original theory. The two identical relations in question 
were disregarded in my original theory, and this accordingly gave the two non-existent 
irreducible covariants (#, . ,)\x, y) u and (&, . .) 8 (#, y)™. And reverting to No. 336, these 
give in the denominator of K(%) the factors (1 — aV°)(l — a s w u ). In virtue hereof, 

writing #=1, we have in A(#) the factor >^^^-, =(1 — & 8 ) 6 , agreeing with the function 

(1— )~ 1 (1— a )~ 2 • • • • (1— ' a *Y And we thus see that the denominator factors of K(x) 

do not all of them refer to irreducible covariants ; viz. we have 

/VY* /y2/v»0 f*& nn& /y^A^y /y3/y»5 /y3/y»3 /y4:/y>0 si^c ryA /y^ /y*>/y>7 n§ nr& st<*/y> /yO/yi4 /yU/y?2 /y//y>3 /y7/v» /y8/y»2 ^8 

WW jU'tVjWlt/jU/li/jWW/jt^t^jlt't^jU/tt/jWjWt^jWtl/jWtt/jW 

each referring to an irreducible covariant, but a 8 x 20 and a 8 x u each referring to an iden- 
tical relation (<j) or interconnexion of syzygies. And we thus understand how, consist- 
ently with the number of the irreducible covariants being finite, the expression for A(w) 
may be as above the quotient of two infinite products; viz. there will be in the denomi- 
nator a finite number of factors each referring to an irreducible covariant, but the 
remaining infinite series of denominator factors will refer each factor to an identical 
relation or interconnexion of syzygies. But I do not see how we can by the theory 
distinguish between the two classes of factors, so as to determine the number of the 
irreducible covariants, or even to make out affirmatively that the number of them is finite. 

346. The new covariants O, P, R, S, T, V are as follows : — 



(Remarks added 17th March, 1871. — A. C.) 

It will be observed that the Tables are printed in a slightly different form from the preceding ones ; this has 
been done in order to show at a glance in each column the set of terms which contain a given power of a, and 
in each such set the terms which contain a given power of b. 

The numerical verifications are also given, not only for the entire column, but for each set of terms containing 
the same power of a (viz. the eqnal sums of the positive and negative coefficients are shown by a number with 
the prefixed sign +) ; and in Table 95 the verification is given in regard to the subsets containing the same 
powers of a and h ; as to these subsets, the sums of the positive and negative coefficients are not in all cases 
equal, but a singular law manifests itself (see p. 44). 
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Table No. 90 (Covariant O). 



a 3 b°c/ 3 


+ 1 


a 3 b°d/ 3 


- l 1 


: de/ 2 


— 4 


a 3 e 2 f 2 


+ 1 


a 3 e 3 / 


+ 3 




.i 






a 2 b cf 3 


+ 4 i 


a 2 b 2 / 3 


— 1 


: def 2 


+ 3 ! 


: b cef 2 


- 3 


e 3 f 


- 7 i 


d'T 


+ 16 


b Q c 2 e/ 2 


- 16 ; 


de 2 / 


+ 4 


cd 2 f 2 


+ 6. ' j 


e 4 


— 15 


cde 2 / 


4- 30 | 


Wc 2 d/ 2 


- 6 


ce 4 


- 8 


c 2 e 2 f 


•f 4 


: d*ef 


— 18 


'• cd 2 ef 


— 22 


a 2 d 2 e 3 


+ 6 


cde 3 


+ 26 






: d*f 


+ 9 


a b 3 / 3 


— 3 


a 2 d 3 e 2 


- 12 I 


- b 2 ce/ 2 


- 4 




! 


dT 


— 4 


a We/ 2 


+ 7 


de 2 / 


— i 


: b 2 cdf 2 


- 30 


e 4 


+ 18 


ce 2 / 


+ 1 


b c 2 d/ 2 


+ 22 i 


d 2 ef 


- 74 


c 2 e 2 / 


+ 74 


de 3 


4- 84 


cd 2 ef 


-160 


be 3 / 2 


+ 18 


cde 3 


— 32 


c 2 def 


+ 160 


d 4 / 


+ 81 


c 2 e 3 


- 98 


d 3 e 2 


+ 6 ; 


cd 3 f 


— 20 


b°c 4 / 2 


- '9 ! 


cd 2 e 2 


- 94 


c 3 def 


+ 20 I 


d 4 e 


+ 51 


c 3 e 3 


— 112 ! 


b°c 4 e/ 


- 81 


c 2 d 3 / 


— 18 


c 3 d 2 / 


+ 18 


c 2 d 2 e 2 


+ 284 


c 3 de 2 


+ 140 


: cd 4 e 

• 


— 216 


\ c 2 d 3 e 


-100 


a d 6 


+ 54 


a cd s 


+ 18 










a b 4 e/ 2 


+ 15 


a b 4 df 2 


■+ 8 


: b 3 cd/ 2 


- 26 


: e 2 f 


- 18 


ce 2 / 


— 84 


b 3 c 2 f 2 


- 6 


d 2 e/ 


+ 98 


cdef 


+ 32 


de 3 


- 45 


ce 3 


+ 45 


b 2 c 3 / 2 


+ 12 


\ d 3 f 


+ 112 


\ c 2 de/ 


+ 94 


\ d 2 e 2 


— 150 


\ c 2 e 3 


+ 150 


b 2 c 3 ef 


- 6 


cd 3 / 


— 140 


c 2 d 2 f 


.-284 


cd 2 e 2 


- 50 


cW 


.+ 50 


d 4 e 


+ 15 


cd 3 e 


+ 320 


bc 4 e/ 


— 51 


! d 6 


— 120 


c 3 d 2 / 


+ 100 


bc 4 df 


+ 216 


c 3 de 2 


— 320 


\ c 4 e 2 


— 15 


c 2 d 3 e 


+ 310 


\ c 3 d 2 e 


-310 


cd 5 


- 90 


c 2 d 4 


+ 130 


b°c 5 df 


— 18 


| b°c 6 / 


— 54 


c h e 2 


+ 120 


1 • &de 


+ 90 


• c 4 d 2 e 

• 


— 130 


1 a c 4 d 3 


- 40 


a c 3 d 4 


+ 40 




+ 4 




+ 1 




59 




49 




497 




559 




1003 




954 



%%, y y 



+ 1563 



+ 1563 



32 
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Table No. 91 (Coyariant P). 



a 3 b°cdf 2 + 1 

ce 2 f - 2 

d 2 ef + 2 

de 3 - 1 



a 



tf&df* - 1 

: *f + ^ 
be 2 / 2 - 3 

cdef — 6 

ce 3 +13 

d 3 f - 8 

d 2 e 2 + 2 

b°c 3 ef +16 

c 2 ^ 2 /- 2 

c 2 de 2 -38 

: cd 3 c +34 

d 5 - 9 



( 



a 



a b 3 cf 2 



a 



+ 5 

+ 2 
q 6 — \2 

b 2 c 2 ef -24 
cd 2 f +52 
cde 2 + 7 
d 3 c — 22 

6 c 3 df - 52 
c 3 e 2 +34 
c 2 d 2 e + 8 
cd 4 — 1 

6V/ +18 
c 4 de -25 
c 3 d 3 +10 



a b 5 f 2 

; 6 4 cc/ 

d 2 f 

de 2 
b 3 (?df 
cV 
cd 2 e 
d 4 
b 2 c 4 f 
c 3 de 
c 2 d 3 
: 6c 5 e 
a c 4 d 2 



- 2 
+ 10 
-28 
+ 30 
+ 32 
-35 
-50 
+ 30 
-12 
+ 70 
-40 
-15 



a 3 6°ce/ 2 — 

; dy + 

d<?f - 



a? 



2 
5 
1 

2 



a ap c ys + 2 

bed/ 2 - 17 

ce 2 f + 13 

d 2 c/- 32 

de 3 + 32 

6°c 3 / 2 + 4 

c 2 de/+ 36 

c 2 e 3 - 24 

cd 3 f ~ 10 

: cd 2 e 2 — 1 6 

d 4 e + 12 



a 2 



a b 3 df 2 + 7 

6 2 c 2 / 2 + 6 

d 3 f + 54 

cZV - 91 

h&ef - 68 

c 2 d 2 /- 64 

c 2 de 2 + 1 4 

cd 3 e +204 

d 5 - 93 

b°c 4 df + 37 

c 4 e 2 + 86 

: c 3 ePe-208 

a &d 4 + 86 

a o b i c f2 __ 5 

: def - 12 

6 3 c 2 e/ + 34 

cd 2 f - 46 

cde 2 +105 

d 3 c — 20 

b 2 c 3 df + 50 

c 3 e 2 -110 

c 2 dV-170 

cd 4 +115 

bc 5 f .- 21 

(M? +250 

c 3 d 3 -150 

• b°c«e - 60 

a c 5 d 2 + 40 



a 3 b°cf 3 - 1 
de/ 2 + 6 



<r 



e 3 / 



a 2 b 2 f + 1 

: 6ce/ 2 - 11 

d 2 f 2 - 4 

de 2 f - 4 

e 4 + 17 

c 2 e 2 / + 26 

cd 2 ef— 2 

cde 3 — 40 

i d 4 f - 9 

d 3 e 2 + 24 



<r 



5 



« &v 2 + 

ce 2 / + 35 
d 2 ef - 26 
de 3 — 22 

6 c 3 / 2 + 10 
c 2 def~ 72 
c 2 e 3 -106 
c^ 3 / + 76 
cd 2 e 2 +210 
d 4 e - 99 

6°c 4 e/ - 13 

c 3 d 2 f- 10 

c 3 de 2 +128 

: c 2 d 3 e-184 

a cd 5 + 72 

a 6 4 ^ 2 + 4 

: e 2 f - 42 
63 c 2j 2 _ 8 

cdef +124 
ce 3 +105 
d 3 f + 56 
d 2 e 2 -130 

b 2 c 3 ef - 26 
c 2 ^ 2 /-296 
cW -170 
c^ 3 e +340 
d 5 - 60 

bc 4 df +260 

c 4 e 2 + 25 

c 3 d 2 e- 150 

: b°c 6 f - n 

c 5 de + 40 



a v 



a 3 b°df 3 + 1 

a 3 e 2 / 2 - 1 

a 2 b cf 3 — 6 

: def + 11 

e 3 f - 5 

b^ef 2 + 

cd 2 / 2 - 

cde 2 f + 

ce 4 — 

i <Pef - 

a 2 d 2 e 3 + 



a b 3 f 3 
• ^ 2 ce/' 2 

e 4 

bc 2 df 2 
c 2 e 2 f 
cd 2 ef 
cde 3 
d 4 f 
d 3 e 2 

b°c 4 / 2 
c 3 def 
c 3 e 2 
c 2 d 3 f 
c 2 d 2 e 2 
: cd 4 e 
a d 6 

a b A ef 2 
: b 3 cdf 
ce 2 f 
d 2 ef 
de 3 
b 2 c 3 f 
c 2 def 
c 2 e 3 
cd 3 / 
cd 2 e 2 
d 4 e 
bc 4 ef 
c 3 d 2 f 
c 3 de 2 
c 2 d 3 e 
cd 5 
: W&df 



(T 



c 5 e 2 



4 
2 
4 
4 
10 
8 

5 

4 
26 
35 

42 
2 
26 
72 
124 
13 
26 

9 

76 
56 
10 
+ 296 
-260 

+ n 
- 17 

+ 40 

+" AtAl 

+ 106 
-105 

- 24 
-210 

-128 

- 25 

+ 99 

+ 184 

-340 

- 40 

- 12 
+ 60 



+ 
+ 



+ 

+ 
+ 
+ 






a 2 b df 3 
: e 2f2 

b°c 2 / 3 
cdef 2 
ce 3 f 
d 3 f 
\ d 2 e 2 f 



af 



de 4 



+ 2 

- 2 

- 5 
+ 17 

- 7 

- 4 

- 6 
+ 5 

+ 1 

- 13 

+ 12 

+ 32 

- 36 

- 42 
+ 24 

- 34 

+ 10 

- 54 

c 2 d 2 ef -\- 64 

c 2 de 3 + 46 

cd 4 f - 37 

: cd 3 e 2 - 50 

a d 5 e + 2J 



•: */ 2 

e f 
bc 2 ef> 

cd 2 f 2 

cde 2 f 

ce 4 

d*ef 

d 2 e 3 

W&df 2 
c 3 e 2 f 



a b 4 f 3 
* b 3 cef 2 
d 2 f 2 

b 2 c 2 df 2 
tfeFf 
cd 2 ef 
cde 3 
d 4 f 
d 3 e 2 

bc 4 f 
c 3 def 
&e 3 
c 2 d 3 f 
c 2 d 2 e 2 
cd 4 e 
d 6 

W&ef 
c 4 d 2 f 
c 4 de 2 
: c 3 d 3 e 






+ 

m i "m 



or 



c 2 d i 



2 
32 

24 
16 

91 

- 14 
-105 

- 86 
+ 110 

- 12 
-204 
+ 20 
+ 208 
+ 170 
-250 
+ 60 
+ 93 

- 86 
-115 
+ 150 

- 40 



a 2 b°cdf 3 
: ce 2 f 2 
d 2 ef 2 
: de 3 f 



a? 



+ 
+ 



1 
1 
3 
5 

2 



a b 2 df 3 + 2 

i e 2 f 2 - 2 

b c 2 f 3 - 2 

cSe/ 12 + 6 

ce 3 / - 2 

d 3 f 2 - 16 

dVf + 24 

de 4 — 10 

6°c 3 e/ 2 + 8 

c 2 d 2 f + 2 

c 2 de 2 f— 52 
c 2 e 4 +28 

cd V + 52 

cd 2 e 3 - 32 

d 5 f - 18 



a v 



a v 



+ 3 


+ 5 


+ 6 


+ 1 


+ 24 


+ 6 


67 


99 


70 


27 


266 


134 


136 


536 


536 


577 


944 


248 


182 


594 


954 


961 







dV + 


12 


b 3 cf 3 + 


1 


de/ 2 - 


13 


e'f + 


12 


fltfe/a _ 


2 


cd 2 / 2 + 


38 


cde 2 f — 


7 


ce 4 — 


30 


d 3 ef - 


34 


d 2 e 3 + 


35 


6c 3 df 2 - 


34 


c 3 e 2 f + 


22 


c 2 d 2 ef- 


8 


c 2 de 3 + 


50 


cd*/ + 


25 


cd 3 e 2 — 


70 


d 5 e + 


15 


6°c 5 / 2 + 


9 


c 4 c?c/ + 


1 


c 4 e 3 — 


30 


c 3 d 3 f - 


10 


c 3 d 2 e 2 + 


40 


c 2 ^ 4 ^ - 


10 



3>> yf- 



+ 388 



+ 1234 



+ 1566 



+ 1566 



+ 1234 



+ 388 
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Table No. 92 (Covariant K). 





a 3 b c 2J>3 __ 


1 


a 3 Wd 2 ef + 2 


a 3 b°d 2 / 3 


+ 


1 






: cdef 2 + 


6 


: de 3 f - 4 


: ^ 2 / 2 


— 


2 






ce 3 / - 


4 


a 3 e 5 -f2 


a 3 e/ 


+ 


1 






d 3 / 2 - 


3 














: d 2 e 2 / + 


1 


a 2 b c 2 / 3 -~ 2 


a 2 Z> cdf 3 


— 


6 






a 3 de 4 + 


1 


: ce 3 f + 4 


: ce 2 / 2 


+ 


6 










d 3 / 2 - 14 


d 2 ef 2 


+ 


3 






a 2 b 2 c/ 3 + 


2 


d 2 e 2 f 4- 30 


e 5 


— 


3 






: de/ 2 - 


6 


de 4 — 1 8 


b°c 3 / 3 


+ 


3 






*f + 


4 


Z>°eV 2 4" 14 


c 2 def 2 


— 


3 






b c 2 ef 2 — 


3 


c 2 de 2 / — 66 


(?e 3 f 


— 


6 






cdj 2 + 


3 


e 2 e 4 4- 26 


cd 2 e 2 f 


+ 


3 






cde 2 f — 


18 


cd 3 ef 4- 56 


"- cde 4 

• 


+ 


6 






ce 4 " + 


17 


cd 2 e 3 — 1 8 


a 2 d 3 e 3 


— 


3 






d*ef + 


22 


: d 5 f - 18 












d 2 e 3 - 


21 


a 3 d 4 e 2 4- 6 


a b z df 3 


+ 


4 






bWf + 


13 




i <?f 


— 


4 






c 2 d 2 e/ — 


12 


a Z^c/^ 3 4- 4 


b 2 c 2 f 3 


— . 


1 






c 2 de 3 — 


21 


: def* _ 4 


cdef 2 


+ 


18 






cd<f - 


3 


Wef* _ 30 


cef 


— 


16 






• cd 3 e 2 + 


32 


cd 2 / 2 4- 66 


d 3 / 2 


— 


13 






a 2 d 5 e ~~ 


9 


ce 4 — 18 


d 2 e 2 f 


— 


3 










«Z 3 e/ - 84 


de 4 


+ 


15 






a &Y 3 - 


1 


d 2 e 3 4- 66 


b&ef 2 


— 


22 






: tfd 2 / 2 + 


6 


b c 3 df 2 ~~ 56 


c 2 d 2 f 2 


+ 


12 






£&*/ + 


16 


c 3 e 2 / 4- 84 


c 2 de 2 f 


+ 


18 






e 4 


18 


cW - 20 


c 2 e 4 


+ 


38 






b 2 c 2 df 2 — 


3 


: cd 4 f 4- 40 


cd 3 ef 


«— !■■ 


O/v 






c 2 e 2 / + 


3 


a cd 3 e 2 - 72 


cd 2 e 3 


— 


102 






cd 2 ef — 


18 




d 5 f 


— 


18 






ccfe 3 -f 


14 


a 6 5 / 3 - 2 


d 4 e 2 


+ 


42 




( 


#/ - 


41 


: 6 4 ce/ 2 4- 18 


b°c 4 df 2 


+ 


3 


X*> yY 




d 3 e 2 + 


39 


d*p - 26 


c 4 e 2 f 


+ 


41 




6 c 3 rfe/* — 


32 


de 2 / 4- 18 


c 3 d 2 ef 


— 


84 






c 3 e 3 — 


2 


b 3 c 2 d/ 2 4- 18 


<?de 3 


— 


76 






c 2 rf 3 / + 


84 


cPef — 66 


e*d 4 f 


+ 


33 






c 2 d 2 e 2 + 


24 


c^V 4- 20 


c 2 d 3 e 2 


+ 


182 






cJ 4 e — 


106 


d 4 f 4- 58 


\ cd 5 e 


— 


126 






Gt *~j~* 


36 


d 3 e 2 — 50 


a d 7 


+ 


27 






b°c 5 ef + 


18 


tf^p _ 6 












c 4 d 2 / - 


33 


c 3 def 4- 72 


a b 4 cf 3 


— 


1 






c 4 de 2 — 


25 


c 3 e 2 + 50 


: def 2 


— 


17 






: c 3 d 3 e -j- 


60 


c 2 d 3 f - 156 


e 3 f 


+ 


18 






a c 2 d r ° — 


21 


cd 4 <? + 90 


b 3 c 2 ef 2 


+ 


21 










d 6 - 30 


cd 2 f 2 


+ ■ 


21 






a We/ 2 + 


3 


b &ef — 24 


cde 2 / 


— 


14 






: tfcdf 2 - 


6 


c 4 d 2 / + 94 


ce 4 


— 


TcO 






ce 2 f — 


15 


c 4 de 2 — 90 


d 3 ef 


+ 


2 






* d*ef - 


38 


c 2 ^ 5 + 10 


d 2 e 3 


+ 


15 






rfe 3 + 


45 


^o c 6^y __ 1 8 


b 2 c 3 df 2 


— 


32 






b 3 c 3 f 2 4- 


3 


• c 6 e 2 4- 30 


c 3 e 2 f 


— 


39 






c^e/" + 


102 


a c 5 ^ 2 e — 10 


c 2 d 2 ef 


— 


24 






c 2 e 3 — 


15 




c 2 de 3 


-K 


175 






c^ 8 / + 


76 




cd 4 f 


+ 


25 






cc?V — 


175 




cd 3 e 2 


— 


120 






d 4 e + 


35 




d 5 e 


4- 


15 






6Ve/ - 


42 




be 5 / 2 


+ 


9 






c 3 d 2 f - 


182 




c 4 def 


+ 


106 






c 3 de 2 + 


120 




c 4 e 3 


— 


35 






c 2 ePe -f 


150 




&d 3 f 


— 


60 






cd 5 — 


70 




c 3 d 2 e 2 


— 


150 






b&df + 


126 




c 2 d 4 e 


+ 


175 




+ 8 


c 5 e 2 — 


15 


4- 4 


cd 6 


— 


45 


4- 2 


93 


c 4 d 2 e — 


175 


136 


b°c 6 ef 


— 


36 


21 


300 


chl 4 + 


75 


476 


&d 2 f 


+ 


21 


465 


780 


b°c 7 / - 


27 • 


478 


&de 2 


+ 


70 


693 




• c 6 de 4- 


45 


i "i J\ f\ a 


: c 4 d 3 e 


__ 


75 


„_ 


±1181 


a° c 5 d' 6 - 


20 


+ 1094 


a c 3 d 5 


+ 


20 


±1181 


MDCCCLX 


„A.1» 




F 
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Table No. 93 (Covariant S, =(#, . . .) 9 (# 5 y*) 3 ). 
Coefficient of % 3 . Coefficient of x 2 y. 



a 4 cef 3 


+ 9 


I b 2 c 3 e 2 f 


- 9747 


a 4 cf 


+ 9 


: * b 2 cd 3 ef 


+ 18612 


: d 2 f 


+ 21 


I c 2 d 2 ef 


- 8496 


' def 3 


- 45 


* cd 2 e 3 


-18900 


: de 2 / 2 


- 78 


c 2 de 3 


+ 26610 


a 4 ef 2 


+ 36 


d 5 f 


— 3888 


a 4 e 4 f 


+ 48 


cdy 


+ 8544 






d 4 e 2 


+ 2970 






cd?e 2 


-16650 


a 3 b 2 / 4 


- 9 


b c 4 df 2 


+ 15228 


a 3 b 2 ef 3 


9 


d 5 e 


+ 720 


: beef 3 


- 18 


c 4 e 2 f 


- 4968 


: cdf* 


- 162 


cT 


+ 972 


dT 


+ 243 


c 3 d 2 ef 


— 14544 


ce 2 / 2 


+ 99 


b c 4 def 


+ 24624 


de 2 f 2 


+ 9 


c 3 de 3 


-12960 


d 2 ef 2 


+ 309 


c 4 e 3 


— 5040 


e 4 f 


— 216 


c 2 d 4 f 


+ 1296 


de 3 f 


+ 12 


c 3 d 3 f 


— 15984 


c 2 df 3 


— 351 


c 2 d 3 e 2 


+ 22500 


e b 


— 240 


c 3 d 2 e 2 


-29340 


c^e 2 / 2 


+ 144 


cd 5 e 


- 6480 


c ys 


- 81 


c 2 d 4 e 


+ 34320 


cd 2 ef 2 


+ 1836 


cT 


- 3888 


c 2 def 2 


+ 1026 


cd 6 


- 8640 


cde 3 / 


— 2592 


&def 


+ 5184 


c 2 e 3 f 


- 768 


c 6 ef 


- 7776 


ce 5 


+ 1152 


&e 3 


+ 5760 


cd 3 f 


- 738 


&d 2 f 


+ 5184 


dT 


~ 1458 


c 4 d 3 f 


- 576 


cd 2 e 2 f 


— 564 


c 5 de 2 


+ 12960 


: d 3 e 2 f 


+ 2268 


• c 4 d 2 e 2 

• 


— 9360 


cde 4 


+ 1056 


\ c 4 d 3 e 


— 14400 


a 3 d 2 e 4 


— 1008 


a cPd^ 


+ 2880 


! d*ef 


+ 756 


a c 3 d 5 


+ 3840 










a 3 d 3 e 3 


- 696 






a 2 b 3 ef 3 


+ 63 


a Vcf 


+ 288 






a b 6 f 


+ 192 


: b 2 cdf 3 


— 234 


: def 


— 3888 


a 2 b 3 df 3 


+ 120 


: tfcef 2 


— 1440 


ce 2 / 2 


— 18 


<?f 


+ 3645 


: *f* 


- 21 


dT 


- 192 


d 2 ef 2 


— 3231 


b 4 c 2 ef 2 


+ 756 


vSp 


+ 486 


de 2 f 


— 1080 


de 3 f 


+ 4293 


cd 2 f 


+ 7488 


cdef 2 


- 2160 


e 4 


+ 2025 


e> 


- 972 


cde 2 / 


- 4050 


ce 3 f 


+ 1023 


b 4 c 2 df 2 


+ 1728 


bc 3 f 3 


+ 810 


ce 4 


- 6075 


dT 


+ 120 


<?e 2 f 


+ 4410 


c 2 def 2 


— 3825 


d 3 ef 


— 4320 


d 2 e 2 f 


- 1053 


cd 2 ef 


+ 5280 


ce 3 f 


+ 4032 


d 2 e 3 


+ 6075 


de 4 


+ 1314 


cde 3 


— 13500 


cd 3 f 2 


+ 7938 


b 3 c 3 df 2 


— 7128 


b c 3 ef 2 


— 1863 


d 4 f 


— 4800 


cd 2 e 2 f 


- 9360 


c 3 e 2 f 


+ 2970 


c 2 d 2 f 2 


+. 2538 


d 3 e 2 


+ 7800 


cde 4 


— 864 


c *d 2 ef + 3060 


c 2 de 2 f 


+ 2340 


b 3 c 4 f 2 


— 648 


d 4 ef 


- 1296 


c 2 de 3 


+ 10125 


c 2 e 4 


+ 672 


c 3 def 


— 14040 


d 3 e 3 


+ 2700 


cdf 


+ 1440 


cd 3 ef 


+ 2820 


c 3 e 3 


+ 3075 


c 4 ef 2 


— 324 


cd 3 e 2 


-13950 


cd 2 e 3 


— 7812 


c 2 d 3 f 


+ 9120 


c 3 d 2 f 2 


- 2484 


d 5 e 


+ 3600 


d'f 


— 3024 


c 2 d 2 e 2 


+ 16350 


c *de 2 f + 6624 


b 2 &f 2 


+ 1944 


d 4 e 2 


+ 4572 


cd 4 e 


-19200 


c 3 e 4 


- 6912 


c 4 def 


- 1620 


b°cdf 2 


— 324 


d" 


+ 4800 


c 2 d 3 ef 


— 4428 


cV 


- 4500 


c 4 e 2 f 


+ 3888 


b 2 &ef 


+ 4860 


c 2 d 2 e 3 


+ 12672 


c 3 d 3 f 


- 360 


c 3 d 2 ef 


— 8748 


c 4 d 2 f 


- 3240 


cd'f 


+ 1944 


: c 3 d 2 e 2 


+ 6300 


c 3 de 3 


— 4800 


c 4 de 2 


- 8100 


: cd 4 e 2 


- 9072 


a c 2 d 4 e 


— 1800 


c 2 d 4 f 


+ 4248 


• c 3 d 3 e 

• 


+ 9000 


a 2 d 6 e 


+ 1944 






c 2 d 3 e 2 


+ 14520 


a c 2 d 5 


- 2400 










• cd 5 e 

• 


-11448 






a b 4 df 3 


+ 144 






a 2 d 7 


+ 2592 






i eT 

b 3 cT 


- 243 

- 900 






a b 4 cf 


- 576 






cdef 2 


+ 10620 






def 2 


+ 672 






ce 3 f 


- 8586 






*f 


- 459 






d 3 f 2 


- 864 






b 3 c 2 ef 2 


+ 3456 






d 2 e 2 f 


— 1215 






cd 2 / 2 


— 864 






de 4 


+ 1215 






cde 2 / 


+ 2094 






b 2 c 3 ef' 2 


— 1836 






ce 4 


- 3915 






c 2 d 2 / 2 


-16812 






d 3 ef 


+ 528 






• c 2 de 2 f 


+ 6651 






: d 2 e 3 


- 45 






\ c 2 e 4 


+ 12960 






: b 2 c 3 df 2 


- 2592 















+ 78 

3258 

41253 

124524 

68640 

+ 237753 



+ 45 

5652 

43020 

106020 

47691 

+ 202428 
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Coefficient of xy 2 . 



Table No. 93 (continued). 

Coefficient of y*. 



a" 

a 4 



a" 



df 4 
e*f* 

bcf 
def 

eT 
c 2 ef 3 

cd 2 f 3 

cde 2 f 

ce 4 f 

d 3 ef 2 

d 2 e 3 f 



a" 



a' 



a' 



a 



9 

+ 9 

+ 45 

+ 18 

- 63 

- 243 
+ 351 
+ 234 

- 144 

- 810 
+ 900 

de 5 — 288 



b 2 cef 3 

dT 
de 2 f 2 

e 4 f 
bc 2 df 

c 2 e 2 f 

cd 2 ef 2 

cdef 

ce h 

dT 
dWf 

d 2 e* 

cT 
c 3 def 2 

c 3 e 3 f 

c 2 d 3 / 2 

c 2 d 2 e 2 f 

c 2 de 4 

cd 4 ef 

cd 3 e 3 

dy 

d 5 e 2 

b 4 ef 
b 3 cdf 

ce 2 f 2 

d 2 ef 2 

def 

e 5 

b 2 cf 3 
c 2 def 2 

c 2 e 3 f 

cdf 2 
cd 2 ef 

cde 4 

d*ef 

d 3 e 3 

b c 4 ef 

c 3 d 2 / 2 



+ 
+ 

+ 
+ 



36 

9 

144 

18 
243 

1836 
3231 

3825 



- 10620 

+ 3888 
+ 324 
+ 1836 

- 7^6 

+ 1458 

- 7938 
+ 864 

+ 2484 
+ 16812 

- 7488 
-15228 
+ 7128 
+ 3888 

- 1944 

+ 216 
+ 2592 

- 4293 

- 4032 
+ 8586 

- 3645 

- 2268 
+ 9360 
+ 1215 

- 6624 

- 6651 
+ 4050 
+ 4968 

- 2970 
+ 1296 
+ 4428 



a 



a? 



a- 



b c 3 def 
cV 
c 2 d 3 ef 
c 2 d 2 e 3 
cdf 
cd 4 e 2 

&d 2 f 
&ef 

c 4 d 2 ef 

c 4 de 3 

&d 4 f 

c 3 d 3 e 2 

b 5 df 3 

e 2 f 2 

b 4 Sf 

cdef 2 
cef 

dT 
d 2 e 2 f 

de 4 

b 3 &ef 

, &d 2 f 2 

c 2 de 2 f 

c 2 e 4 

cd 3 ef 

cd V 

b 3 d 5 f 

d 4 e 2 

b 2 c 4 df 2 

c 4 e 2 f 

c 3 d 2 ef 

cPde 3 

c 2 d 4 f 

c 2 d 3 e 2 

be 6 / 2 

&def 

C^6 3 

c 4 d 3 f 
c 4 d 2 e 2 



-18612 
+ 4320 
+ 14544 

— 3060 

— 5184 
1620 
1944 
3888 
1296 
1440 

576 
360 



+ 



+ 



+ 

+ 



— 1152 

+ 972 
+ 1008 
+ 864 

— 1215 
+ 6912 
-12960 
+ 6075 

— 2700 
-12672 
+ 18900 

— 6075 
+ 12960 

— 10125 

— 5760 
+ 4500 
+ 9072 

— 2970 
—22500 
+ 13950 
+ 9360 

— 6300 

— 1944 
+ 6480 

— 3600 

— 2880 
+ 1800 



± 9 

1548 

45999 
62019 

92853 

+ 202428 



a° 



bdf* 

eT 

<?r 

cdef 3 
cef 2 

dT 

d 2 eT 

de*f 



a" 



a z 



a' 



a 



b 2 cf 4 
def 3 

eT 
b c 2 ef 3 

cdf 3 

cde 2 f 2 

ce 4 f 

d 3 ef 2 

d 2 e 3 f 

de 5 

c 3 df 3 

c 3 e 2 T 
c 2 d 2 ef 2 

c 2 def 

c 2 e 5 

cd 4 f 2 

cd 3 e 2 f 

cd 2 e 4 

ffief 

d 4 e 3 

b 4 f 4 
b 3 cef 3 

dT 

de 2 f 2 

e 4 f 

b 2 c 2 df 
c?eT 
cd 2 ef 2 
cdef 
ce 5 

dT 
d 3 e 2 f 

d 2 e 4 

bc 4 f 3 

c 3 def 2 

c 3 ef 

c 2 d 3 f 2 
c 2 d 2 e 2 f 

c 2 de 4 

cd 4 ef 

cd 3 e 3 

d 6 f 

d 5 e 2 



+ 

+ 

+ 

+ 
+ 

+ 

+ 

+ 
+ 



+ 
+ 
+ 
4- 



+ 



9 

9 

21 

162 

120 

81 

486 

576 

192 

78 

99 
21 

309 
1026 
2160 

672 

1863 

3456 

1440 

738 

120 

2538 

864 

192 

324 

2592 

1728 

972 

648 



48 

12 

768 

1023 

459 
564 
1053 
2340 
2094 
1080 
3888 

9747 

4410 

756 

2820 

528 

8748 

8496 

- 5280 

- 24624 
+ 14040 
+ 7776 

- 4860 



+ 

+ 
+ 
+ 



+ 

+ 



+ 
+ 



a 



&ef 2 

c 4 d 2 f 
c 4 de 2 f 

c 4 e 4 

c 3 d 3 ef 

c 3 d 2 e 3 

c 2 df 

c 2 d 4 e 2 



a 



a b 5 ef 3 
: b 4 cdf 3 

ce 2 f 
d 2 ef 2 
def 
e 5 
b 3 c 3 f 3 
c 2 def 2 
c 2 ef 

cdf 2 
cd 2 e 2 f 

cde 4 

d 4 ef 

d 3 e 3 

b 2 c 4 ef 

c 3 d 2 f 

c s de 2 f 

&e 4 

c 2 d 3 ef 

c 2 d 2 e 3 

cdf 

cd 4 e 2 

b &df 2 

&e 2 f 

c 4 d*ef 

c 4 de 3 

c 3 df 

c 3 d 3 e 2 

cf 2 

cHef 

c 6 e 3 

: &df 

cW 



+ 3024 

— 4248 

— 8544 
+ 4800 
+ 15984 

— 9120 

— 5184 
+ 3240 

+ 240 

— 1056 

— 1314 

— 672 
+ 3915 

— 2025 
+ 696 
+ 7812 
+ 45 
+ 4800 
-26610 
+ 13500 
+ 5040 

— 3075 

— 4572 
-14520 
+ 16650 

— 7800 
+ 29340 

— 16350 

— 12960 
+ 8100 
+ 11448 

— 720 

— 34320 
+ 19200 
+ 14400 

— 9000 

— 2592 
+ 8640 

— 4800 

— 3840 
+ 2400 



+ 828 
10920 

79779 
146226 

+ 237753 



f2 
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Table No. 94 (Covariant T, =(a, . . .)"(#, y) 1 ). 
Coefficient of x. Coefficient of w. 



a 4 c 2 df 4 


_ ,, 


1 


: b c 4 df 3 


+ 90 


• b c 6 cf 2 


+ 81 


: h 2 c s € 2f + 


252 


: c 2 e 2 / 3 


+ 


1 


: c 4 e 2 / 2 


- 198 


\ &d 2 f 2 


— 54 


I c b d 2 ef 4- 


798 


cd 2 ef 3 


+ 


7 


c 3 d 2 ef 2 


- 9 


&de 2 f 


4- 570 


&de 3 — 


700 


cde 3 / 2 


— 


12 


c 3 de 3 f 


+ 238 


cV 


— 148 


c 4 d 4 f - 


578 


ce 3 f 


+ 


5 


c 3 e 5 


+ 116 


c 4 d 3 ef 


-1116 


c 4 d 3 e 2 *- 


370 


dT 


— 


6 


c 2 d 4 / 2 


- 6 


c 4 d 2 e 3 


- 527 


c 3 d 5 e 4- 


880 


d 3 e 2 f 2 


4- 


12 


c 2 d 3 e 2 f 


+■ 108 


c 3 d b f 


4- 474 


c 2 d 7 - 


240 


: d 2 e 4 f 


— 


7 


c 2 d 2 e 4 


— 513 


cW 


4-1662 


b c 7 def — 


486 


a 4 de % 


4- 


1 


cd b ef 


- 294 


c 2 d 6 e 


-1185 


c 7 e 3 4- 


60 








cd 4 e 8 


+ 513 


cd 8 


4- 243 


c 6 d 3 f 4- 


312 


a 3 b 2 cdf 4 


+ 


2 


d 7 f 


4- 108 


b°c 7 e 2 f 


- 216 


c 6 d 2 e 2 4- 


645 


: ce 2 / 3 


— 


2 


d 6 e 2 


- 153 


c 6 d 2 ef 


4- 369 


&d 4 e — 


735 


d 2 ef 3 


— 


7 


b°c 6 / 3 


- 27 


c 6 de 3 


-f 340 


c 4 d 6 + 


190 


defy 2 


+ 


12 


c b def 2 


4- 108 


c 5 d 4 f 


- 149 


b°c 9 ef + 


81 


e b f 


— 


5 


&e 3 f 


+ 194 


c 5 d 3 e 2 


-"~ j t>U 


c 8 d 2 f — 


Otc 


be 3 / 4 


+ 


3 


c 4 d 3 / 2 


— *±/£ 


: c 4 d 5 e 


4- 488 


c 8 de 2 — 


135 


tfdef 2 


— 


30 


c 4 d 2 e 2 f 


- 663 


a c 3 d 7 


- 102 


• c 7 d 3 e 4- 


150 


c 2 e 3 / 2 


+ 


21 


c 4 de 4 


— 274 






a° c 6 ^ 5 / - 


40 


cd 3 / 3 


+ 


44 


c 3 d 4 ef 


+ 570 


a b 7 f 4 


- 2 






cd 2 e 2 / 2 


— 


69 


c 3 d 3 e 3 


+ 914 


: Wcef 


4"* ivU 






cde 4 / 


+ 


62 


c 2 d 6 f 


— 153 


d 2 / 3 * 


— 24 






ce 6 


— 


28 


c 2 d b e 2 


-1032 


de 2 / 2 


4* / ~ 






d 4 ef 2 


— 


6 


• cd 7 e 

• 


-f 486 


e 4 f 


- 54 






d 3 e 3 f 


— 


8 


a 2 d 9 


- 81 


b b c 2 df 3 


4- 16 






d 2 e b 


+ 


11 






c 2 e 2 / 2 


- 129 






b°c 4 ef 3 


— 


6 


a b b cf 4 


4- 7 


cd 2 ef 2 


- 108 






c 3 d 2 f 3 


— 


11 


: def 3 


- 16 


cde 3 / 


4~ 4 & 






c^de 2 / 2 


+ 


96 


y ffj2 


+ 9 


ce 5 


4~ J- i>o 






c 3 e 4 f 


— 


64 


b 4 c 2 ef s 


— 53 


dT 


4- 84 






c 2 d 3 ef 2 


— 


66 


cd 2 / 3 


-f 104 


d 3 e 2 f 


- 112 






c 2 d 2 e 3 f 


•— 


29 


cde 2 / 2 


- 150 


b 4 c 4 / 3 


- 6 






c 2 de 5 


4- 


68 


ce*f 


— 117 


c 3 def 2 


4- 240 






cd b f 2 


4- 


18 


d 3 ef 2 


— 48 


c 3 e 3 f 


4- 179 






cd 4 e 2 f 


4- 


75 


d 2 e 3 f 


-f 138 


c 2 d 3 f 2 


- 144 






ed 3 e 4 


— 


78 


de b 


— 108 


c 2 d 2 e 2 f 


4- 306 






: d 6 ef 


— 


27 


b 3 c 3 df 3 


- 82 


cHe 4 


- 765 






a 3 d 5 e 3 


+ 


24 


c 3 e 2 f 2 
c 2 d 2 ef 2 


+ 315 
-f- 153 


cd 4 ef 
cd 3 e 3 


4- 28 
4- 280 






a 2 b 4 df 4 


— 


1 


c 2 de 3 f 


- 390 


d 6 f 


~ 88 






: eT 


+ 


1 


c 2 e b 


— 234 J 


d 5 e 2 


4- 40 






b 3 c 2 / 4 


— 


8 


cd 4 / 2 


- 114 


b 3 c b ef 2 


~ 63 ! 




■ 


cde/ 3 


+ 


46 


cd 3 e 2 f 


- 308 


c 4 d 2 / 2 


-i- A C) 






ce 3 / 2 


, — • 


30 


cd 2 e 4 


+ 735 


c 4 de 2 f 


- 798 






d 3 f 3 


— 


20 


d b ef 


+ 208 


c 4 e 4 


•f 175 




; 


d 2 e 2 f 


+ 


33 


d 4 e 3 


— — ivu o 


c 3 d 3 ef 


— 224 






de 4 f 


— 


48 


b 2 c 5 / 3 


+ 27 


c 3 d 2 e 3 


4-1365 






e 6 


+ 


27 


c 4 def 2 


- 396 


b 3 c 2 d b f 


4- 368- 






b 2 c 3 ef 3 


+ 


39 


c 4 e 3 f 


- 337 


c 2 d 4 e 2 


-1025 






c 2 d 2 / 3 


— 


105 


c 3 d 3 / 2 


— J— A/4i£ 


: cd G e 


4- 60 






c 2 de 2 f 2 


4* 


18 


c 3 d 2 e 2 f 


+ 783 


: d 8 


"J" ii\) 






c 2 e 4 f 


— . 


6 


c 3 de 4 


+ 880 






4- 26 
436 




cd 3 ef 2 


+ 


114 


c 2 d 4 ef 


4- 93 








cd 2 e 3 f 


— 


57 


c 2 d 3 e 3 


-1986 








cde h 


4- 


12 


cd 6 / 


- 240 






3/38 

9U6 

6880 




dT 


— 


6 


• cd b e 2 


+ 1098 








\ d 4 e 2 f 


+ 


3 


: d r e 


— 144 








\ d 3 e 4 


— . 


12 




': 






+ 20196 
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Table No. 94 (continued). 



Coefficient of y. 



Coefficient of y. 



a 4 cd 2 / 4 


+ 1 


: cd 4 e 2 / + 396 


: b°c 7 e/ 2 


- 108 


: b c 7 d/ 2 - 


486 


: cde 2 / 3 


- 2 


: cdh 4 — 240 


: c 6 d 2 / 2 


+ 153 


: c 7 e 2 / + 


144 


ce 4 / 2 


+ 1 


d Q e/ - 81 


c 6 de 2 / 


+ 240 


&d 2 e/ 4-H85 


d 3 ef 


— 3 


d b e 3 + 63 


cV 


~f~ oo 


c 6 de 3 — 


60 


d 2 e 3 / 2 


+ 8 


b° c 5 df 3 - 18 


c 5 d 3 e/ 


- 474 


&d 4 / - 


488 


i de 5 / 


- 7 


cV/ 2 + 6 


c 5 d 2 e 3 


- 368 


&d 3 e 2 - 


880 


a 4 e 7 


-j- 4> 


c*d 2 e/ 2 + 6 


c 4 d 5 / 


+ 149 


c 4 d 6 e 4- 


735 






c ^d/f + 114 


c 4 d 4 e 2 


+ 578 


c 3 d 7 


150 


a 3 b 2 d 2 / 4 


- 1 


c 4 e 5 " — 84 


: c 3 <f 6 e 


— 312 


b Q cJ 2 + 


81 


: de 2 f 


+ 2 


&d 4 / 2 + 42 


a c 2 e? 8 


■f 54 


c 8 de/ - 


243 


e 4 / 2 


- 1 


c 3 d 3 e 2 / — 222 






cV — 


30 


bc 2 d/ 4 


- 7 


&d 2 e 4 + 144 


a Wcf 4 


- 1 


c 7 d 3 / 4- 


102 


c 2 e 2 f s 


+ • 7 


: c 2 d 5 e/ + 54 


• de/ 3 


+ 28 


e 7 dV 4- 


240 


cd 2 e/ 3 


+ so 


a 2 c 2 d 4 e 2 - 42 


,3 /2 


- 27 


: c e d 4 e 


190 


cde 3 / 2 


- 46 




b 5 c 2 ef 


- 11 


a? c 5 d 6 4- 


40 


ce 5 / 


+ 16 


a b 5 df - 5 


cd 2 / 3 


- 68 






dT 


+ 6 


: e 2 / 3 + 5 


cde 2 / 2 


- 12 






d 3 e 2 / 2 


- 39 


b 4 c 2 / 4 + 7 


ce 4 / 


4- 108 






d 2 e 4 f 


+ 53 


cSe/" 3 — 62 


d 3 ef 


- 116 






de 6 


— 20 


ce 3 p + 48 


d 2 e 3 / 


4- 234 






b°c 4 / 4 


4- 6 


d 3 / 3 + 64 


de 5 


- 135 






c 3 de/ 3 


— 44 


d 2 e 2 / 2 -f 6 


b 4 c 3 df 3 


4- 78 






c 3 e y>2 


4- £0 


de 4 / - 117 


&e 2 / 2 


4- 12 




• 


c 2 dy s 


+ 11 


e 6 + 54 


c 2 d 2 e/ 2 


4- 513 






j c 2 d 2 e 2 f A 


+ 105 


b 3 c s e/ 3 + 8 


c 2 de 3 / 


- 735 






| c 2 de 4 f 


- 104 


c 2 d 2 / 3 + 29 


cd 4 / 2 


4- 274 






(fe 6 


+ 24 


de 2 / 2 + 57 


cd 3 e 2 / 


— 880 






cd 4 ef 2 


- 90 


e 4 f - 138 


cd 2 e 4 


4- 765 






cd 3 e 3 / 


+ 82 


cd 3 e/ 2 __ 238 


d 5 ef 


4- 148 






cd 2 e b 


- 16 


cd 2 e 3 / +390 


d 4 e 3 


- 175 






dT 


+ 27 


cde 5 — 72 


b 3 c 5 / 3 


- 24 






d 5 e 2 / 


- 27 


d 6 f* — 194 


c 4 de/ 2 


- 513 






a 3 d 4 e 2 


+ 6 


d 4 e 2 / + 337 
d 3 e 4 - 179 


c 4 e 3 / 
c 3 d 3 / 2 


4- 283 
- 914 




i 


a 2 b 3 cd/ 4 


+ 12 


b 2 c 4 d/ 3 - 75 


c 3 d 2 e 2 / 


4-1986 






ce 2 / 3 


- 12 


c 4 e y2 __ 3 


c 3 de 4 


- 280 






d 2 ef 3 


- 21 


c 3 d 2 e/ 2 -108 


c 2 d 4 e/ 


4- 527 




■ 


de 3 / 2 


+ 30 


c% 3 / + 308 


c 2 d 3 e 3 


-1365 






e\f 


- 9 


cV + 112 


cd/ 


- 340 






b 2 c 3 / 4 


- 12 


c 2 d 4 / 2 -f- 663 


cd 5 e 2 


4- .700 






c 2 def 3 


4- 69 


c 2 d 3 e 2 / - 783 


d?e 


- 60 






tfe 3 / 2 


- 33 


cH 2 e 4 - 306 


b 2 &e/ 2 


4- 153 






cd 3 / 2 


- 96 


cd 5 e/ - 570 


c 5 d 2 / 2 


4-1032 






cd 2 e 2 / 2 


- 18 


cd 4 e 3 + 798 


&de 2 / 


-1098 






cde 4 / 


-f 150 


d 7 / -f 216 


&e 4 


— 40 






ce G " 


- 72 


d 6 e* - 252 


c 4 d 3 ef 


-1662 






d 4 e/ 2 


+ 198 


6 c 6 / 3 + 27 


c 4 d 2 e 3 


4-1025 






d 3 e 3 / 


— 315 


c 5 de/ 2 -f 294 


c 3 d 5 / 


4- 730 






d 2 e 5 


+ 129 


&e 3 - 208 


c 3 d 4 e 2 


4- 370 






b c 4 e/ 3 


+ 6 


cW/ - 93 


i c 2 d 6 e 


- 645 






c 3 d 2 / 3 


+ 66 


c 4 d 3 / 2 - 570 


• cd 8 


4- 135 






c 3 de 2 / 2 


— 114 


cW — 28 






4- 12 

395 

1650 

651 1 




c 3 e 4 / 


4- 48 


c 3 d 4 e/ 4-1H6 








c 2 d 3 e/ 2 


+ 9 


cW +■ 224 








c 2 d 2 e 3 / 


— 153 


c 2 d 6 / - 369 








' c 2 de 5 


+ 108 


cd^e 2 - 798 






v/cf X X 

11628 




| cd 5 / 


- 108 


: cd 7 e + 486 
: d 9 - 81 








±20196 
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Table No. 95 (Oovariant V, =(a, . . .) 13 (#, y) l \ 
x coefficient. y coefficient. 



a h W&df 


_ 


2 


a 5 b°c d 2 f 





2 


: e T 


+ 


2 


: de 2 / 4 


+ 


4 


c d 2 ef 4 


+ 


10 


e 4 f 


— 


2 


de 3 / 3 





16 


c°d 3 ef 4 


+ 


6 


eT 


+ 


6 


d 2 e 3 f 3 


— 


16 


c°d 4 f 4 





6 


: de T 


+ 


14 


d 3 e 2 f 3 


+ 


12 


a 5 e 7 f 


v_ 


4 


d 2 e 4 / 2 





10 








: de 6 f 


+ 


6 


a 4 b 2 d 2 f 


+ 


2 


a 5 e 8 





2 


: de 2 f 4 


— 


4 








eT 


+ 


2 


a 4 b 2 c df 


+ 


4 


b<?df 


+ 


10 


: e V 4 





4 


ej 4 


— 


10 


c°d 2 ef 4 


— 


10 


c d 2 ef 4 


— 


26 


de 3 / 3 


+ 


16 


de 3 f 


+ 


*j/& 


rft-f- 2* 


■ 


6 


e T 


— 


6 


be 3 } 5 


+ 


6 


c Q d 4 / 4 


— 


30 


cHef 





26 


d 3 e 2 f 3 


4- 


84 


eT 


+ 


8 


d 2 eT 


— 


50 


cd 3 / 4 


+ 


32 


de 6 f 


— 


22 


d 2 e 2 f 3 





116 


e 8 


+ 


18 


de 4 / 2 


+ 


180 


b°c 4 / 5 


— 


6 


e 6 f 





78 


c 3 def 4 


+ 


32 


c°d 4 ef 3 


+ 


24 


e T 


— 


8 


d 3 e 3 f 2 


— 


20 


cMJ 4 


+ 


4 


d 2 e 5 f 





44 


d 2 e 2 f 3 


— 


104 


de 7 


+ 


34 


de 4 / 2 


+ 


90 


b°c 4 ef 4 


— > 


30 


#f 


— 


26 


c 3 d 2 / 4 


-j- 


4 


c d 4 ef 


+ 


96 


de 2 f 3 


+ 


240 


d 3 e 3 f 2 


— 


160 


e 4 f 2 


— > 


130 


d 2 e b f 


+ 


124 


c 2 d 3 ef 3 





160 


de 7 


— 


36 ! 


d 2 e 3 f 





280 


c°d 6 f 3 


— 


36 


de 5 f 


+ 


332 


d 6 eT 


+ 


72 


e 7 


, 


54 


: d 4 e 4 f 


— 


60 


cd 6 / 3 


-f 


24 


a 4 d 3 e 6 


+ 


18 


d 4 e 2 / 2 


+ 


360 








d 3 e 4 f 




320 


a 3 b 3 c df 5 


— 


16 


d 2 e 6 


+ 


38 


: e y4 


-f 


16 


c°d 6 ef 2 





108 


c°d 2 ef 4 


+ 


8 


: d"e 3 f 


+ 


96 


eT 


— 


8 


a 4 d 4 e* 


— ~ 


12 


b 2 c 3 f 


+ 


12 


; 






c'def 


— 


116 


a? b 4 chlf 





2 


eT 


+ 


80 


: eT 


4- 


2 


c d 3 f 4 


+ 


240 


b 3 c 2 f 


— 


16 


d 2 eT 


— 


160 


c def 4 


+ 


32 


de 4 f 


— 


120 


c°d 3 f 4 


— 


8 


e 6 f 


+ 


76 


d 2 e 2 f 3 


+ 


80 


c°d 4 ef 3 


— 


120 


: deT 


— 


160 


d 3 e 3 / 2 


— 


80 


: ej 


+ 


72 


: d 2 e b f 
de 7 


' + 


368 
180 




± 


36 




± 


24 






20 

284 
1094 

2 






4 

144 

436 

24 




4. 


184 




4- 


776 
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Table No. 95 (continued). 
x coefficient. y coefficient. 



a 3 b 2 c 3 ef 4 


+ 84 


a 3 b c 4 ef 4 


+ 24 


: c 2 d 2 f 4 


- 104 


: cHJ 4 


- 160 


de 2 / 3 


- 160 


de 2 f 3 


+ 320 


eT 


+ 60 


eT 


- 280 


c d 3 ef 3 


+ 320 


c 2 d 3 ef 3 


- 560 


d 2 e 3 / 2 


+ 80 


d 2 e 3 / 2 


+ 1280 


defy 


- 496 


defy 


- 688 


e 7 " 


+ £>Qa> 


7 

€ 


+ 184 


c°d 5 / 3 


~ 72 


cd 5 f 3 


+ 288 


d 4 e 2 / 2 


- 420 


d 4 e 2 / 2 


- 240 


d 3 e 4 f 


+ 860 


d 3 e 4 f 


- 480 


d 2 e 6 


- 404 


d 2 e 6 


+ 264 


bc 4 df 4 


+ 96 


c°d®ef 2 


- 144 


e 2 / 3 


- 120 


d 5 e 3 f 


+ 336 


&d 2 ef 


— 560 


d 4 e b 


- 144 


defy 2 


+ 160 


b°c 5 df 4 


+ 24 


e 5 f 


+• ol)4 


eT 


- 72 


c 2 d 4 f 3 


-J- *ou 


c 4 d 2 ef 3 


+ 280 


d 3 e 2 f 2 


+ 1440 


de 3 / 2 


- 440 


d 2 e 4 f 


- 960 


*f 


+ 400 


de* 


- 376 


&d 4 f 3 


— " 140 


c d b ef 2 


-1296 


d 2 e 4 f 


+ 40 


d 4 e 3 f 


+ 80 


de 6 


- 368 


d 3 e & 


+• o3a> 


c 2 d 5 ef 2 


+ 108 


c°d 7 / 2 


+ 432 


d 4 e 3 f • 


— 40 


d 6 e 2 f 


- 72 


d 3 e 5 


+ 376 


d 5 e 4 


- 240 


c d«e 2 f 


- 36 


b c 6 f 4 


- 36 


: d 5 e 4 


- 168 


c b def 3 


+ 288 


a 3 c°d 7 e 3 


+ 36 


efy 2 


- 56 






c 4 d 3 / 3 


- 140 






d 2 e 2 f 2 


- 480 






defy 


+ 420 






e s 


- 276 






c 3 d 4 ef 2 


+ 420 






d 3 e 3 f 


-1120 






d 2 e> 


+ 1112 






&dj 2 


- 144 






d^e 2 / 


+ 1620 


a 2 b 5 c°df 


+ 6 


d 4 e 4 


-1620 


: e 2y 4 


- 6 


cd 7 ef 


- 864 


b 4 c 2 / 5 


— 10 


d 6 e 3 


+ 876 


cdef 4 


+ 180 


| : c°d 9 f 


+ 162 


eT 


- 160 


! a 3 d 8 e 2 


-*- 162 


c°d 3 f 4 


— 130 


: 

: 




d 2 e 2 f 3 


+ 60 


| 




de 4 / 2 


+ 60 


a 2 V*cf 


+ 14 


Wc 3 ef 4 


— 20 


: c°def 4 


- 6 


c 2 d 2 f 4 


— 280 


eT 


- 8 


de 2 / 3 


+ 80 


¥(?ef 4 


- 50 


e 4 f 2 


+ 300 


cd 2 f 4 


+ 90 


c d 3 ef 3 


+ 160 


: de 2 / 3 


- 120 


defy 


- 192 


: eT 


+ 60 


: e 7 

* 


— 108 



+ 1656 
3624 
4898 

+ 14 



+ 2696 

1264 

6 
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Table No. 95 (continued). 
x coefficient. y coefficient. 



± 666 

6608 

10512 

+ 9162 



a 2 b 4 c°d 3 ef 3 - 


280 


a 2 b 3 c°df 3 


- 56 


: d 2 e 3 f + 


300 


: d 4 e 2 f 


+ 940 


deH + 


216 


d 3 e 4 f 


— 1580 


e 7 


216 


d 2 e Q 


+ 756 


b 3 c 3 df 4 - 


160 


b 2 c 4 df 


4- 360 


eT - 


80 


e 2 / 8 


— 420 


c 2 d 2 ef 3 + 


1280 


c 3 d 2 ef 3 


+ 1440 


ef - 


312 


def 2 


— 2160 


cd 4 f - 


440 


ef 


+ 984 


dhf 2 - 


2160 


&d 4 f 3 


— 480 


d 2 ef + 


1740 


dhf 2 


— 1320 


de* — 


216 


d 2 e 4 f 


+ 2040 


cWef 2 + 


2344 


de % 


- 732 ! 


dVf - 


3240 


cd 5 ef 2 


- 768 ! 


! dV + 


1244 


d 4 e 3 f 


+ 2640 ! 


6 2 c 5 / 4 + 


72 


d 3 e b 


- 1440 


c 4 def 3 — 


240 


c°d 7 / 2 


+ 504 


e 3 f + 


940 


d'ef . 


- 1296 


c 3 d 2 e 2 f 2 — 


1320 


d 5 e 4 


+ 648 


def - 


2640 


bcf 4 


- 108 


e 6 + 


908 


&def 3 


- 1296 


c 2 d 4 ef 2 + 


600 


eT 


+ 2344 


dV/ + 


3360 


c 4 d 3 f 3 


+ 420 


d 2 e 5 - 


168 


d 2 e 2 f 2 


+ 600 


cjy 2 - 


1656 


def 


- 3420 


d 5 e 2 / + 


3408 


e 6 


- 1172 


d 4 e 4 - 


3480 


c B d 4 ef 2 


+ 900 


i */ - 


1008 


d 3 e 3 f 


- 1280 


d 6 e 3 + 


1224 


d 2 e 5 


+ 6360 


5 c 6 e/ 3 - 


144 


c 2 df 2 


- 576 


c 5 df 3 + 


108 


d 5 e 2 f 


+ 1668 


de 2 / 2 - 


768 


d 4 e 4 


— 6420 


* 4 / - 


700 


cd 7 ef 


- 576 


c 4 ^/ 2 + 


900 


d 6 e 3 


+ 2988 


e^e 3 / + 


8160 


c°d 9 f 


+ 162 


de> - 


2148 


d*e 2 


- 594 


c 3 d°/ 2 + 


912 


b°c 7 ef 3 


-f 432 


d 4 e 2 f -: 


15060 


c 6 df 3 


— 144 


dV + 


2800 


def 2 


- 1656 


A/«g/ + 


6624 


<f 


- 1516 


d 5 e 3 4- 


2052 


&d 3 ef 2 


+ 912 


e^y — 


918 


d 2 e 3 f 


+ 7312 


d 7 e 2 - 


2304 


de 5 


+ 2344 


cWe + 


486 


c 4 df 2 


— 124 


ftVc 2 / 2 + 


504 


d 4 e 2 f 


— 8020 


C 6^2 _ 


576 


d*e 4 


— 10100 


c?ey — 


2288 


cVef 


+ 3792 


e 5 + 


1172 


d 5 e 3 


+ 14648 


cw/ 2 - 


124 


&df 


— 702 


d 3 e 2 / + 


4336 


d 7 e 2 


-10296 


d 2 e 4 - 


2540 


\ cd 9 e 


+ 3564 


c 4 d 5 e/ - 


1912 


a 2 c»d u 


- 486 


d 4 e 3 + 


2100 






c 3 df + 


240 






dV - 


1560 






: c 2 d s e + 


810 






a 2 c d 10 - 

1 .,,:.,, 


162 







+ 2236 

8616 

15442 

+ 33044 
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Table No. 95 (continued). 
x coefficient. y coefficient. 



- 4 

+ 48+ 28 

2956- 84 

11806 + 140 

23924 — 140 

+ 25026+ 84 



a V&P - 4 


a b 6 cf + 6 


: tfcej* — 22 


: c^e/ 4 - 78 


c°d 2 f 4 - 26 


e 3 / 3 + 72 


de 2 f + 76 


tftfef - 44 


tfcHf + 124 


c d 2 / 4 + 332 


e 2 f + 368 


de 2 f - 496 


cd 2 ef- 688 


e 4 f + 216 


def 2 ~ 192 


c^V 8 + 304 


<pd*j* + 400 


d 2 ej 2 — 312 


dh 2 f 2 + 984 


ftVdjT 4 — 320 


d 2 e 4 f - 2160 


eys + 860 


d£ + 1080 


c 2^2 e y>3 ___ 96o 


l^f __ 60 


defy 2 + 1740 


&def* - 480 


e b f — 2160 


e z f 2 - 1580 


c^y 8 + 420 


c 2 d 3 / 3 + 40 


d 3 e*f 2 - 2640 


d 2 e 2 f 2 + 2040 


d 2 e 4 / + 2910 


de 4 / + 2910 


de 6 + 540 


e^ - 810 


c°^V 2 ~ 7°° 


cd 4 ef 2 - 3420 


d 4 e s f + 1840 


dV/ 1 + 4800 


d 3 e 5 — 1530 


d 2 e 5 — 3510 


6 3 c 5 / 4 + 96 


c°d 6 / 2 - 1516 


c 4 def + 80 


d*#f+ 2156 


e 3j2 _ 324 


dV - 430 


(»d*f* _ H20 


tfc 5 ef s + 336 


^V/ 2 + 3360 


c^ 2 / 3 _ 40 


de 4 / + 4800 


de 2 / 2 + 2640 


e 6 *" + 2520 


e 4 f + 1840 


c 2 d 4 ef 2 + 8160 


c 3 d 3 <?/ 2 - 1280 


d*#f -13360 


d 2 e 3 f -13360 


dV _ 6000 


de 5 + 3200 


cd 6 / 2 - 2288 


cWf 2 + 7312 


d 5 e 2 / - 1312 


d 4 e 2 / - 2360 


d 4 e 4 + 9360 


dV + 3840 


c o^7 e y» + 1824 


c d«ef — 5344 


d 6 e 3 - 2880 


d 5 e 3 + 2800 


b 2 c*ef - 72 


c°d 8 f + 1956 


c^ 2 / 3 + 1620 


dV __ X 6 80 


de 2 / 2 + 3408 


flWf 3 __ 36 


gy + 2156 


e 2 f 2 - 1296 


<?d*ef* -15060 


c ^2 e j2 + l6 68 


dVf - 2360 


de 3 f - 1312 


de 5 — 9260 


e 5 - 2060 


cH b f + 4336 


c 4 d 4 / 2 - 8020 


d 4 e 2 / +15220 


d s e 2 f +15220 


dh 4 +19920 


d 2 e 4 +1180 


&d*ef - 5808 


cWef + 3712 


d 5 e 3 -22740 


d 4 e s - 8540 


cd 8 / _ 90 


c 2 d 7 f - 2952 


: d 7 e 2 +10080 


• cd 8 e + 3330 


: c *d*e _ 1350 


i c°d 10 - 810 





± 78 

852 

8310 

30200 

+ 56740 



MDCCCLXXL 
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Table No. 95 (continued). 
x coefficient. y coefficient. 



a b c 7 def 2 — 576 


a VcUf - 864 


: ef + 1824 


: e 2 f - 1008 


c 6 d B f 2 + 3792 


&d 2 ef + 6624 


d 2 e 2 f - 5808 


^e 3 / - 5344 


de 4 + 3240 


e 5 + 1720 


&d 4 ef - 4768 


c 5 ^ 4 / 2 - 1912 


d s e 3 - 6240 


d*e*f + 3712 


c 4 dj + ^608 


d 2 e 4 + 4920 


d h e 2 +12440 


C^/ _ 4768 


cWe - 8160 


d 4 e 3 -16520 


c 2 d 9 + 1620 


c 3 d 7 f + 1920 


bWef 2 + 162 


dW +19440 


<?d*f* _ 70^ 


C 2js e __ 9 54o 


de 2 f - 90 


cd 10 + 1620 


e 4 " - 1290 


// c y3 + 26^ 


tfdhf + 1920 


c%/ 2 - 918 


rfV + 3640 


e y + 1956 


c 6 d 5 f - 796 


c^ys + 240 


d% 2 _ 534O 


d 2 e 2 f - 2952 


• c 5 d 6 e + 3100 


^ 4 - 3440 


a c ^8 _ 600 


cWef + 2608 




d*# + 8760 




cW - 796 




d*<? - 9160 




: c 4 ^e + 4260 




a c 3 d 9 - 720 


a b 8 c°d°ef 4 + 18 


a b s f - 2 


: Wcdf - 36 


tfcef + 34 


eys _ 180 


e ^ 2 / 4 - 54 


c°d 2 ef 3 + 184 


de 2 f + 252 


de 3 / 2 - 108 


e 4 / 2 - 216 


5 6 c 3 / 4 + 18 


tfc 2 df + 38 


cHef + 264 


e p _ 404 


e 3j 2 + 756 


ccfos^B _ 376 


C^ 3 / 3 - 368 


dej 2 - 216 


d* e 2 f 2 - 732 


gfijf + 1080 


<fey + 540 


c°d 4 f 3 - 276 


c°d 4 ef 2 - 1172 


d h e 2 f 2 + 908 


dV/ + 2520 


dV/ _ 8l0 


d 2 e h -1350 


6 5 c 4 / 4 — 1 2 


6Ve/ 3 - 1 44 


c%/ 3 + 832 


&d 2 f + 376 


eft + 1244 


de 2 p - 1440 


cWf s +1112 


e y — 1530 


^ 2 e 2 / 2 - 168 


c 2 dhf 2 + 6360 


de 4 f - 3510 


d 2 e 3 / _ 6000 


e 5 - 1350 


de 5 + 1350 


cd 4 ef 2 - 2148 


cd 5 / 2 + 2344 


rfV/ + 3200 


^v/ - 9260 


d 2 e b + 1350 


d 3 e 4 + 7200 


<?d«f +1172 


c°^ 6 e/ -f 1720 


J 6 ^/" - 2060 


iV _ 19 oo 


d 4 e 4 + 450 


: b 4 &df - 168 


: ^V^a _ 240 


: e 2 / 2 + 648 


: c 4 d 2 f - 1620 


+ 25524- 28 


4- 39956 


8818+ 4 


17986 


+ 18 


- 2 


184-140 


270+ 16 


3622 + 476 


2026- 56 


+ 19350-924 


+ 9248 + 112 
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Table No. 95 (continued). 
x coefficient. y coefficient. 



+ 41278 + 1120 
51872- 868 
43900+ 420 
20624- 116 

+ 3856+ 14 



a°b 4 c 4 d 2 ef 2 


— 6420 


a°b 4 de 2 f 2 


— 3480 


: <&/ 


+ '9360 


i ef 


- 430 


e 5 


+ 450 


c 3 d 3 ef 2 


+ 2800 


c 3 d 4 / 2 


— 10100 


d 2 e 3 f 


+ 3840 


dh 2 f +19920 


de* 


+ 7200 


d 2 e 4 


-10300 


&d»p 


- 2540 


c 2 d & ef 


+ 4920 


d 4 elf +1180 


d 4 e 3 


-10100 


dh 4 


— 10300 


cd 7 f 


- 3440 


cd 6 ef 


+ 3240 


d 6 e 2 


+ 7100 


d b e 3 


+ 600 


c°d 8 e 


- 750 


&d?f 


- 1290 


b 3 c 7 / 3 


+ 36 


d 7 e 2 


+ 900 


c 6 def 2 


+ 2988 


b 3 c«df 3 


+ 876 


e 3 f 


- 2880 


e 2 f 


+ 1224 


c h d 3 f 2 


+ 14688 


c b d 2 ef 2 


+ 2052 


d 2 e 2 f 


—22740 


de 3 / 


+ 2800 


de 4 


+ 600 


e h 


- 1900 


c 4 d 4 ef 


-16520 


c 4 d 4 f 


+ 2100 


d 3 e 3 


+ 23300 


d 3 ef 


— 8540 


c 3 d 6 f 


+ 8760 


d 2 e 4 


— 10100 


d 5 e 2 


- 5200 


c 3 d b ef 


- 6240 


c 2 d 7 e 


- 5400 


d 4 e 3 


+ 23300 


cd 9 


+ 1500 


<?d 7 f 


+ 3640 


b 2 c 8 ef 2 


- 594 


d'e 2 


- 8800 


c 7 d 2 f 


-10296 


cd 8 e 


- 750 


de 2 f 


+ 10080 


d 10 


+ 450 


e 4 


+ 900 


b 2 c 8 f 


- 162 


c 6 d 3 ef 


+ 19440 


c 7 def 


— 2304 


d 2 <? 


— 8800 


*f 


- 1680 


c 5 d 5 f 


- 9160 


c'd 3 / 2 


- 1560 


d 4 e 2 


-11900 


de 4 


+ 7100 


c 4 d 6 e 


+ 13900 


&d 4 e/ 


+ 12440 


c 3 d 8 


— 3150 


d 3 e 3 


— 5200 


bc 9 df 2 


+ 3564 


c 4 d 6 f 


— 5340 


e 2 f 


- 1350 


d'e 2 


-11900 


c 8 d 2 ef 


- 9540 


c 3 d 7 e 


+ 10800 


de 3 


- 750 


c 2 d 9 


— 2250 


c 7 d 4 f 


+ 4260 


b c 9 e/ 2 


+ 486 


d 3 # 


+ 10800 


c 8 d 2 / 2 


+ 810 


c Q d b e 


— 9100 


de 2 / 


+ 3330 


c 5 d 7 


+ 2000 


e 4 


- 750 


b°c 11 / 2 


- 486 


c 7 d 3 ef 


- 8160 


c 10 def 


+ 1620 


d 2 e 3 


- 5400 


e 3 


+ 450 


c«d 5 f 


+ 3100 


c 9 d 3 f 


- 720 


d 4 e 2 


+ 13900 


d 2 e* 


- 2250 


c 5 d 6 e 


- 9100 


: c 8 d 4 e 


+ 1800 


c 4 d 8 


+ 1800 


a c 7 d & 


- 400 


b°c 10 df 2 


- 162 






*f 


- 810 






c 9 d 2 ef 


+ 1620 






de 3 


+ 1500 






c 8 d 4 f 


- 600 






d 3 e 2 


— 3150 






: c 7 d 5 e 

* 


+ 2000 






a c 6 d 7 


- 400 



+ 19760-140 
36330 + 112 
30340— 56 
23410- 16 

+ 5120— 2 
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It may be noticed in regard to the numerical coefficients that we have as follows 

x coefficient. y coefficient. 



a*b° 


+ 36 


a 5 b° 


* 


+ 24 

+ 24 

+ 4 


a*b 2 


+ 20 


a 4 b 2 




b 1 


284 


b 




144 


b° 


1094 


b° 




436 

* 1 *\Q.A 


a 3 b 4 


2 


a 3 b 3 




" ' ""■ ' j_ oof 

+ 24 


b 3 


184 


b 2 




776 


b 2 


1656 


b 




2696 


b 


3624 


b° 




1264 


b° 


4898 
■ + 10364 






+ 4760 


a?b* 


+ 14 


a? b s 




+ 6 


¥ 


666 


b 4 




300 


b 3 


6608 


b 3 




2236 


b 2 


10512 


b 2 




8616 


b 


22042 


b 




15442 


b° 


9162 


b° 




33044 

-1 K<\(\A± 


a b 1 - 


i TtyuuTt 


a b* 




1 oyu^i'* 

+ 78 


¥ 


+ 28~~ 48 


b* 




852 


b 5 - 


- 84 2956 


b* 




8310 


b 4 


+ HO 11806 


b 3 




30200 


b 3 ~ 


■140 23924 


b 2 




56740 


b 2 


+ 84 25026 


b 




39956 


b - 


• 28 25524 


b° 




17986 


b° 


+ 4 8818 






+154122 


+ 256 + 98102 

i_ nqocp 




— ■-' ' 1 yooOo 








a°b 8 


+ 18 + 


a°b»~ 


2 




W- 


140 "" 184 


b 7 


+ 16+ 270 


b 6 


4- 476 3622 


6 6 - 


56 


2026 


b 5 - 


924 19350 


b 5 


+ 112 


9248 


b 4 


+ 1120 41278 


b 4 ~ 


140 


19760 


b 3 ~ 


868 51872 


b 3 


' +112 


36330 


b 2 


+ 420 43900 


b 2 ~~ 


56 


30340 


b l ~ 


116 20624 


b 


+ 16 


23410 


b° 


+ 14 3856 


b°- 


2 


5120 




±2048 +184686 


+ 256 


+ 126504 


n 


-±-]Q(Z>joa 






1 I oC*7£n 




1 1 ou/ ot 






+ l/CvJK)\) 


+ 345894 


+ 345894 



viz. in the x coefficient, the coefficients of a 5 b° are ±36, that is the sum of the positive 
coefficients is = + 36, and the sum of the negative coefficients is =--36. But in ab 6 
the coefficients are +28+48, that is, the sum of the positive coefficients is =+76, and 
the sum of the negative coefficients is =—48; and so in other cases. The total sum 
is ±345894, viz. the sum of the positive coefficients and that of the negative coefficients 
(taken as a positive number) are each =345894, and so in the y coefficient there is the 
same total sum ±345894; which is as it should be, since there are in a different order 
the same numerical coefficients. 
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Article Nos. 347 to 365. — Sketch of Professor Gordan's proof for the finite Number, 

=23, of the Covariants of a Binary Quintic. 

347. I propose to reproduce the leading points of Professor Gordan's proof that the 
binary quintic (a, b, £, d, e,f\% 9 yf has a finite system of 23 covariants, viz. a system 
such that every other covariant whatever is a rational and integral function of these 23 
covariants. 

348. IW^.-Consider for a moment any two binary quantics <p, + of the same 
or different orders, and which may be either independent quantics, or they may be both 
or one of them covariants, or a covariant, of a^binary quantic /. We may form the series 
of derivatives 






where, however, there is no occasion to use the notation (<p, yp)° (as this is simply the 
product pp), and the succeeding derivatives may (when there is no risk of ambiguity) be 
written more shortly (<p\|/), (<p\f/) 2 , (<H0 3 > & c -> i* 1 a ^ *^at follows the word "derivative" 
(Gordan's Uebereinanderschiebung) is to be understood in this special sense. 

349. The degree of the derivative (p\{/)* is the sum of the degrees of the constituents 
<p, -ty ; the order of the derivative is the sum of the orders less 2k ; it being understood 
throughout that the word degree refers to the coefficients, and the word order to the 
variables. In speaking generally of the covariants or of all the covariants of a quantic 
/, or of the covariants or all the covariants of a given degree or order, we of course 
exclude from consideration covariants linearly connected with other covariants (for 
otherwise the number of terms would be infinite) ; but unless it is expressly so stated, 
we do not carry this out rigorously so as to make the system to consist of asyzygetic 
covariants ; viz. it is assumed that the system is complete, but not that it is divested of 
superfluous terms. 

350. Theorem A. — The covariants of a quantic/ of a given degree m can be all of 
them obtained by derivation from / and the covariants of the next inferior degree 

(m—1). 

In particular for the degree 1 the only covariant is the quantic/ itself; for the de- 
gree 2 the covariants are (ff)°, (ff) 2 , (ff)% • • • • : using for a moment |3 to denote each 
of these in succession, the covariants of the third degree are (j3/)°, (fif)\ (fif) 2 , * • • I and 
so on. 

351. Suppose that the covariants of the second degree (ff)°, (ff) 2 , (ffY • • • a ? e i* 1 
this order represented by (5 l9 j3 2 , /3 3 . . . then the covariants of the third degree written 
in the order 

(ft/) , (M, Wf • • • (ft/) , (A/), (ft/) 3 ■ • • GV)°, (ft/), ft/) 2 • • • • 
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may be represented by y„ y 2 , <y 3 , . . ., the covariants of the fourth degree written in the order 

(vjy> (rJ% (n/7 • • • W)*. (n/)> (r>fT • • (n/T> (y/)> (ya/) 3 • • • 

may be represented by \, $ 29 £ 3 . . ., and so on: we thus obtain in a definite order the 

covariants of a given degree m ; say, these are fe» n p a , ^ 3 , ^ 4 , : any term (ju 3 is said to 

be a later term than the preceding terms p l9 p 29 and an earlier term than the following 
ones, j& 5 , ^ 6 , &c. 

Observe that each term p r is a derivative (\f) k 9 the derivatives of an earlier X are 
earlier than those of a later X ; and as regards the derivatives of the same A, the deri- 
vative with a less index of derivation is earlier than that with a greater index of deri- 
vation, or, what is the same thing, those are earlier which are of the higher order. 

352. The series p 19 p 29 ^ 3 , ^ 4 is not asyzygetic ; we make it so, by considering in 

succession whether the several terms [i 29 ^ 3 , ... respectively are expressible as linear 
functions of the earlier terms, and by omitting every term which is so expressible. The 
reduced series thus obtained is called T 15 T 2 , T 3 , . . . Observe that not every ^ is a T, 
but that every T is a ^; every T therefore arises from a derivation wponf and a certain 
term X; which term X (supposing the X series reduced in like manner to S,, S 2 , S 3 , . . .) is 
a linear function of certain of the S's. Each later T is derived from later S's, or it may 
be from the same S's as an earlier T ; viz. if the later T is derived from (S 15 S 2 , .... 8 e ) 9 
then the earlier T is derived, it maybe, from (S 19 S 2 , . /. S e ) 9 or from (S 1? S 2 , ... S e _ k ) 9 but 
so that there is not in the series any term later than S $ . 

And if, considering any T as thus derived from certain of the S's, and in like manner 
each of these S's as derived from certain of the R's, and so on, we descend to any pre- 
ceding series, 

M„ M 2 , M 3 

it will appear that the T is derived from a certain number (M 19 M 2 , . . . M<p) of the terms 
of this series. 

353. The quadrico variants (ff)\ (ff) 2 , (ff)\ . • • are of different orders, and conse- 
quently asyzygetic. They form therefore a series such as the T-series, and they may be 
represented by 

-^15 ^2? "^35 

Supposing f to be of the order n 9 B x is of the order 2n 9 B 2 of the order 2n — 4, B 3 of the 
order 2^—8, and so on. Those terms which are of an order greater than n 9 are said to 
be of the form W (agreeing with a subsequent more general definition of W); those which 
are of an order equal to or less than n 9 are said to be of the form % ; so that the earlier 
terms of the B series are W, and the later terms are % ; viz. the % terms taken in order, 
beginning with the earliest, are % 19 % 2 , % 3 , . . . 

354. By what precedes any particular T is derived from certain terms B n B 2 , B Q9 

of the B series. This series, B 1? B 2 , . . . B^, may stop short of the terms %, or it may 
include a certain number of them, say % 1? % 2 , . . . % r The terms derived from the %'s are 
in the sequel denoted by P . 
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355. Every covariant whatever is a form or sum of forms such as 

writing in regard to any such expression 

2 ind. l=i 9 % ind. 2==/, ... 

(viz. i is the sum of all those indices a, /3, &c. which belong to a term containing the 
symbolic number l,j the sum of all the indices #, y, &c. which belong to a term con- 
taining the symbolic number 2, and so on) then each of the numbers i,j 9 ... is at most 
=n, that is n—% n—j, . . . may be any of them =0, but they cannot be any of them 
negative; the degree of the function is =m, and its order is =zmn—i—j. ... It is to 
be further observed that the form is a function of the differential coefficients off of the 
orders n— % n—j 9 &c. respectively. It follows that if n—i, n—j, . • • are none of them 
=0, the form in question may be obtained from a like form belonging to a quantic 
f of the next inferior order n—1 by replacing therein the coefficients a 1 , b\ ... 
by ax+by 9 bx+cy, &c. respectively: for example, if/ denote the cubic function 
(#, b 9 c 9 d\x 9 yf 9 then the Hessian hereof is VZ 2 /^; the like form in regard to the 
quadric f=(a! 9 V, djjo^ yf is VL\f[f[ 9 which is =a ! c f —b !2 ; and substituting herein 
as+by, bw-\-cy, cx+dy for d 9 b\ d respectively, we have the Hessian 12y it / 2 of the 
cubic. A covariant of f derivable in this manner from a covariant of the next inferior 
quantic /' is said to be a special covariant. 

356. Eeverting to the form 

LJt 16 £6 . . *Jij2 • • 'Jm'f 

if, as before, n—i, n—j 9 &c. are each of them > ; if there is at least one index i which 
is = or <^n (that is, for which n—i>^n), and if the order mn—i—j. . . be >n, then 
the form, or any sum of such forms, is said to be a form or covariant W. Every covariant 
W is thus a special covariant, but not conversely. In the particular case m=2, the 
form is _ 

which will be a form W if n— u>\n 9 or, what is the same thing, 2n — 2<z>n, that is if 
the order be >%. Hence, as already mentioned, the co variants T of the degree 2 are 
W, or else %, according as the order is greater than n, or as it is equal to or less than n. 

357. Theorem B. — If any covariant T be expressible as the sum of a form W and of 
earlier T's than itself, then forming the derivative (Tf) k 9 either this is not a form T, or 
being a form T, it is expressible as the sum of a form W and of earlier T's thaln itself; 
or, what is the same thing, (TjQ*, if it be a form T, is (like the original T) the sum of a 
form W and of earlier T's than itself. 

Hence also every form T is the sum of a form W, and of forms derived from the 

functions % 1? % 2 , . . ., say 

T=W+P X , 

or, what is the same thing, every covariant whatever is of the form W+P x . 
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358. The proof that for a form / of the order n the number of covariants is finite, 
depends on the assumption that the number is finite for a form/ 7 of the next inferior 
order n—1 : this being so, the number of the special covariants off will be finite ; say 
these are A 15 A 2 , A 3 •. . . (fis itself one of the series, but we may separate it, and speak 
of the form f and its special covariants) : the forms W are functions of the special cova- 
riants, and hence every co variant whatever off is of the form F(A)+P X ; but it requires 
still a long investigation to pass from this to the theorem of the existence of a finite 
number of forms V such that every covariant whatever is F(V). I pass this over, and 
reproduce only the investigation for the case of the quintic. 

359. Starting from the assumed system of forms, 

/, 9={ff)\ i={ffYJ={fi)\ *=Ui)M>=(?i)\ r=(pi)\ y=(«), 

(M (M (A)> (»j 
(fi)> (&)> (J*)* (jp*)» («)> 

(ice), (iy) 9 (ii)\ {(ice), a), (ir) 2 9 ((ia) 9 y), 

say, the 23 forms U, it is to be shown that every other covariant whatever of the quintic 
is of the form F(U). 

The special covariants are /, <p, (/<p), i, j 9 which are forms U ; the only form % is i 9 so 
that instead of P x writing P i5 every covariant whatever oif is 

=F(U)+P <; 

so that it remains to show that every form P, is F(TJ) ; or, what is the same thing, that 
if H be any form F(U) whatever, then that (Hi) and (Eh') 2 are each of them F(U). 

360. In order to show that every covariant of a degree not exceeding m is F(U), it will 
be sufficient to show that the several forms (Hi) and (Hi) 2 of a degree not exceeding m 
are each of them F(U) ; and if for this purpose we assume that it is shown that every 
covariant of a degree not exceeding m— 1 is F(U), then in regard to the forms (Hi) and 
(Hi) 2 of the degree m 9 it will be sufficient to show that any such form is a function of 
covariants of a degree inferior to m. 

361. First for the form (Hi): we have (PQ, i)=~P(Qi)-\-Q(Pi); and hence we see 
that (IK) will be F(U) if only (Ui) is always F(U). 

In forming the derivative of i with the several covariants U, we may omit i itself, and 
also the four invariants (ii) 2 9 (ir) 2 9 ((ice), a) 9 ((ice), y), since in each of these cases the 
derivative is =0. We have therefore to consider the derivative of % with 

/, <p 9 j 9 a,p, r, y, (fp) 9 (fy) 9 (fr) 9 (jr) 9 (fi) 9 (<pi) 9 (ji) 9 (pi), (ri) 9 (ia) 9 (iy), 

respectively : the first seven of these are each of them IT; the remaining eleven are each 
of them of the form ((PQ), i). Now ((PQ), i) is a linear function of P(Q£) 2 , Q(P^) 2 , and 
£(PQ) 2 , that is ((PQ), i) is a function of covariants of a lower degree than itself. 

362. Next for the form (EK) 2 , we have (PQ, i) 2 9 a linear function of P(Q^) 2 , Q(P^) 2 , 
i(PQ) 2 ; and we hence see that (IK) 2 will be F(U) if only (UY) 2 is always F(U). 
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In forming the second derivative of i with the several covariants U, we may omit as 
before the four invariants,* and also omit the four linear covariants #, ice, y, iy; we have 
therefore to consider the second derivatives of i with 

• • /, <p, i,j, p 9 r, (M {fp)> (M U*)> (fi)> W (>')> (j?0> K> 

respectively : the first six of these are each of them U ; the remaining nine are each of 
the form ((PQ), if. Now ((PQ), if is a linear function of ((IV) 2 , Q), ((Q*)», P), P(Qf)% 
and Q(Pf) 3 . The first two of these are terms of the same form ; (Pi)*, as a covariant of 
a lower degree than ((PQ), if, is F(U), and hence ((P«<) 2 , Q) will be F(U) if only (TJ, Q) 
is F(U); Q being here any one of the functions/, <p, i,j\ p, r, and U being any one of 
the functions 

/; <p, ij,^, r, a, y, (/(p), (/», (/r), QV), (/'), (pi) QV) (jp) (n) (fa) (iy). 

363. For U equal to any one of the last eleven values, the form is (Q, KS), which is 
=R(QS)+S(QB), and is thus a function of covariants of a lower degree; there remains 
only the derivatives formed with two of the functions/, <p, i,j, p, r, or of one of these 
with a or y. But these are all U other than the derivatives 

(fj)> (#)> M> (<?*)> (p t )*> (/*)> (<p*)> U*)> 00; (fy) M 0)> C?r), (*y)> 

and since y=(ra), the derivatives containing y will depend upon covariants of a lower 
degree ; there remain therefore only (fj\ (<£/), (<pp), (<pr), (pr) ; (fa), (<pcc), (ja), (pec) : 
each of these can be actually calculated in the form F(U). 

Hence finally, assuming that every covariant of a degree inferior to m is F(U), it follows 
that every covariant of the degree m is F(U) ; whence every covariant whatever is F(U)„ 
viz. it is a rational and integral function of the 23 covariants U. 

364. It will be observed that, writing A, B, C for P, Q, i, the proof depends on the 

theorems 

((AB), C), a linear function of A(BC) 2 , B(CA) 2 , C(AB) 2 , 

(AB, C) 2 „ „ do. do. do. 

((AB), Cf „ „ ((AC) 2 , B), ((BC) 2 , A), B(AC) 3 , C(AB)% 

which are theorems relating to any three functions A, B, C whatever. 

365. I remark upon the proof that the really fundamental theorem seems to be that 
which I have called theorem A. As to the forms W it is difficult to see a priori why 
such forms are to be considered, or what the essential property involved in their definition 
is ; and in fact in a more recent paper, " Die Simultanen Systeme binaren For men " 
(Clebsch and Neumann, t. 2 (1869), see p. 256), Professor Gordan has modified the defi- 
nition of the forms "W by omitting the condition that the order of the function shall 
exceed n; if it were possible further to omit the condition of at least one index being 
= or <\n, and so only retain the conditions n—i, n—j, &c, each of them >0, then the 
essential property of the forms W would be that any such form was a rational and inte- 
gral function of the special covariants formed, as above, by means of the quantic of the 
next inferior order. And moreover, as regards the theorem B, there seems something 

MDCCCLXXI. H 
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indirect and artificial in the employment of such a property; one sees no reason why, 
when a system of irreducible covariants is once written down, it should not be possible 
to show that the derivatives of F(U) with the original quantic/are each of them F(TJ), 
instead of having to show this in regard to the derivatives of F(U) with the several cova- 
riants % : as regards the quintic, where there is a single covariant %, the qiiadric function 
% there is obviously a great abbreviation in this employment of i in place of/; but for 
the higher orders, assuming that the proof could be conducted by means of the quantic 
/itself, it does not appear that there would be even an abbreviation in the employment 
in its stead of the several covariants %. The like remarks apply to the proof in the last- 
mentioned paper. I cannot but hope that a more simple proof of Professor Gordan's 
theorem will be obtained — a theorem the importance of which, in reference to the whole 
theory of forms, it is impossible to estimate too highly. 



